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Disjoint Sum of Products (DSOP)Disjoint Sum of Products (DSOP)Disjoint Sum of Products (DSOP)

�Given a Boolean function  

f : {0,1}n {0,1}

�A DSOP is a sum (OR) of products (ANDs) such 
that no two products cover the same 1 of f

�DSOP represents a set of non intersecting cubes
covering the points of f

�Problem:  minimize |DSOP|, i.e., find a DSOP with 
a minimal number of products



MotivationsMotivations

�DSOP minimization is relevant in the area of 
digital circuits: 

�DSOPs are used as a starting point for the 
synthesis of Exclusive-Or-Sum-Of-Products 
(EPSOPs) 

�and for calculating the spectra of Boolean 
functions

�Heuristic strategies for cube selection have been 
proposed

�working on explicit product expressions 
(FSC93,ST02)

�or on a BDD representation of the function (FD02)



Example: SOP vs DSOPExample: SOP vs DSOPExample: SOP vs DSOP
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Example: SOP vs DSOPExample: SOP vs DSOPExample: SOP vs DSOP

Minimal SOP:       |SOP| = n/2

Minimal DSOP:    |DSOP| = 2n/2 - 1

f = x1x2 + x3x4 + … + xn-1xn



Complexity of the problemComplexity of the problemComplexity of the problem

��SOP minimization  SOP minimization  ≈≈ set covering set covering 

��DSOP minimization  DSOP minimization  ≈≈ minimal exact cover minimal exact cover 

��Minimal exact cover isMinimal exact cover is NPNP--hardhard



IntersectionsIntersectionsIntersections

�� AA product product p p == xx11xx22……xxkk represents a cube of dimension represents a cube of dimension 

d(d(pp)) == nn--kk, i.e., a cube of, i.e., a cube of 22nn--kk pointspoints

�� TThe he intersectionintersection ofof two cubes is obtained two cubes is obtained asas

p = pp = p11 ∧∧ pp22

�� pp is void is void iffiff there is a literal in there is a literal in pp11 that that isis complemented complemented inin pp22

�� Otherwise Otherwise pp is a cube of dimension is a cube of dimension rr, with , with 

rr == nn -- ((kk11 + k+ k22 -- c)c)

kk11, k, k22: number of literals in : number of literals in pp11 and and pp22

cc: : number of number of their their common common literalsliterals



ExampleExampleExample
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p2 = x2 x4

p1 = x1 x3

p3 = x3 x4

rr == nn -- ((kk11 + k+ k22 -- c)c)

== 4 - (2  + 2  - 0)

pp11 ∧∧ pp22 is a 
cube of 20 points 



A simple caseA simple caseA simple case

��LLet et pp11 andand pp22 partially partially overlapoverlap

��The set of points The set of points of of pp22\\ pp11 can be covered can be covered 

by a set of by a set of kk11 -- cc disjoint cubes of dimensions disjoint cubes of dimensions 

r, r+1, r, r+1, ……, n, n-- kk22 --11

�� IIff pp11 is selected into a DSOP, is selected into a DSOP, pp22 must be must be 

discarded and the points of discarded and the points of pp22\\ pp11 must be must be 

covered with at least covered with at least kk11 -- cc disjoint cubes disjoint cubes 

instead of one (the single instead of one (the single pp22))
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p2 \\ p1

2 cubes 3 cubes (1 extra cube)



A simple caseA simple caseA simple case

�� Then Then kk11 -- c c -- 11 is the number of extra cubes is the number of extra cubes 

required by the required by the DSOPDSOP

�� If If the function the function ff can be represented by a SOP can be represented by a SOP 

containing only containing only pp11 andand pp22, the selection of , the selection of pp11 into into 

a DSOP requires a total of a DSOP requires a total of kk11 -- c + 1c + 1 cubescubes

Special case:Special case: If If kk11 -- c = 1c = 1

1.1. p = pp = p11 ∧∧ pp22 covers exactly one half of the points of covers exactly one half of the points of pp22

2.2. pp22\\pp11 is also a cubeis also a cube



The general caseThe general caseThe general case

��TThe general situation he general situation cancan be be not not thatthat simplesimple

��TThehe starting starting SOPSOP can contain can contain aa collection of collection of 

cubes overlapping in cubes overlapping in groupsgroups

��The The wweighteight of a of a cube cube ppi i isis the the minimum minimum 

number of number of extraextra cubes cubes that the selection of that the selection of ppii

would induce in would induce in allall the cubes intersecting the cubes intersecting ppii



The “weight” of a cubeThe The ““weightweight”” of a cubeof a cube

��Let product Let product pp of of kk literals intersect literals intersect t t products products 

pp11,, ...... ,, pptt, such that , such that pp and and ppjj have have ccjj common common 

literalsliterals

��The The weight ofweight of pp relative to relative to ppjj is is 

w(pw(p//ppjj)) == kk -- ccj j -- 11

��and and the the weightweight of of ppii is is 

w(pw(p)) == ∑∑tt
j=1j=1 w(pw(p//ppjj))

��If If pp doesdoes not intersect any product,not intersect any product, w(pw(p)) == --11



The “weight” of a cubeThe The ““weightweight”” of a cubeof a cube

WWhenhen pp intersects intersects ppjj, the weight of , the weight of pp

relative to relative to ppjj is the is the minimum number of minimum number of 

additional productsadditional products that we would have that we would have 

in the cover keeping in the cover keeping pp and covering and covering pp\\ppjj

with nonwith non--overlapping overlapping productsproducts



ExampleExampleExample

w(p1/p2) = 1:  selecting p1 in a 
DSOP would require to covering the 
remaining three points of p2 with at 
least two disjoint cubes

w(p1/p3) = 0:  the residual two 
points of p3 can be covered with one 
cube

� w(p1) = 1
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p2

w(p2/p1) = 1;  w(p2/p3) = 0;  w(p2/p4) = 1 � w(p2) = 2

w(p3/p1) = 0;  w(p3/p2) = 0 � w(p3) = 0

w(p4/p2) = 1 � w(p4) = 1



A family of heuristic algorithmsA family of heuristic algorithms

� Heuristics for DSOP that uses four basic 
procedures

� Explicit representation of cubes 

1. BUILD-SOP(C,P) builds a minimal SOP P
from the cover C of f (Espresso heuristic) 

2. WEIGHT(P) builds the weights for a set of 
cubes P



A family of heuristic algorithmsA family of heuristic algorithms

3. SORT(P) sorts a set P of weighted cubes 
Two versions:  

� the cubes are ordered for decreasing 
dimension and, if the dimension is the same, 
for increasing weight

� the cubes are ordered for increasing weight 
and, if the weight is the same, for decreasing 
dimension

If two or more cubes have same weight and 
same dimension, their order is arbitrary 



A family of heuristic algorithmsA family of heuristic algorithms

4. BREAK(q,Q) works on q = p1/p2, and  builds 
an arbitrary minimal set Q of disjoint cubes 
covering q

BREAK is the procedure suggested in HCO74 
and Sa99  as DISJOINT-SHARP



A family of heuristic algorithmsA family of heuristic algorithms

� We use four sets of cubes: C, P, B, D

� C = {the cubes still to be covered with a DSOP} 

� P = {the cubes of a SOP under processing}

� B = {cubes produced by BREAK as fragmentation 

of cubes of P}

� D = {the cubes in the building DSOP solution}

� At the beginning C contains the cubes defining f, 

while P, B, D are empty 



A family of heuristic algorithmsA family of heuristic algorithms



A family of heuristic algorithmsA family of heuristic algorithms

*OPT* (optional):

1. recomputes the weight of each cube r ∧ P such that
r ∩ q ≠∅

2. checks the fragments of q with which r now intersects

3. sorts P again

� More sophisticated optimization procedures, as for 
instance inserting all broken cubes into P and ordering 
them immediately, do not seem to provide better quality 
results 

� BUILD-SOP: the idea of re-synthesizing the remaining 
cubes seems to be crucial for obtaining compact DSOPs



A family of heuristic algorithmsA family of heuristic algorithms

Complexity

The complexity of the algorithm is 
polynomial in the size of the output, i.e., 
in the number of products of the 
computed DSOP form



Experimental results Experimental results Experimental results 

� ESPRESSO benchmark suite

� 1.8 GHz  PowerPC with 1 GB of RAM

� Three different variants of our heuristic 



Experimental results Experimental results Experimental results 

DSOP-1

is the simplest, and computationally 
fastest: it consists in just the basic 
algorithm, without the optional optimization 
phase *OPT*

DSOP-2

with the optional optimization phase 
*OPT*: after a cube p has been chosen, 
the algorithm updates the weight of all 
cubes q ∧ P intersecting p, and then 
sorts the cubes in P again



Experimental results Experimental results Experimental results 

� whenever a cube p is moved from P to D, all 
cubes q intersecting p are fragmented and 
removed from P

Disadvantage:

� Hence, the fragments, even the big ones, are “out 
of the game” and cannot participate in the 
construction of the DSOP D until P = ∅ and a 
new SOP covering all fragments in B is computed

� Thus, small cubes in P could be selected first, 
possibly damaging the size of the final DSOP



Experimental results Experimental results Experimental results 

DSOP-3

1. As usual, whenever p ∧ P is selected and 
moved to D, each cube q intersecting p is 
fragmented and moved to B

2. But now all cubes r ∧ P intersecting q are 
moved to B as well

in this way, we prevent small and high 
weight cubes of P from generating high 
fragmentations of big fragments of low 
weight cubes already in B



Experimental resultsExperimental results

� For each variant, we run both versions of SORT:

�we first ordered the cubes for decreasing dimension 
and, for equal dimension, for increasing weight (d/w)

� then we ordered the cubes for increasing weight and, 
for equal weight, for decreasing dimension (w/d)

�Multi-output functions: 

�we have considered each output separately, but the 
minimization phase  with Espresso is performed in a 
multi-output way

�common disjoint cubes of different outputs are counted 
only once



Comparison among different 
versions of the heuristic
Comparison among different Comparison among different 
versions of the heuristicversions of the heuristic



Comparison with other techniquesComparison with other techniquesComparison with other techniques

[2]: sorts cubes in a SOP according to their size, and compares the largest cube with all 
the others, starting from the smallest ones; cubes are merged, where possible (FSC93)

[10]: exploits the property of the most binate variable in a set of cubes (ST02)

[3]: makes use of BDDs (FD02)



Future worksFuture worksFuture works

� Evaluate the time performances of our heuristic on 
very large benchmarks, and compare them with 
other methods, especially with the one based on 
BDDs 

� Use BDDs and symbolically perform all the 
operations in the heuristic

� Study the approximability properties of DSOP 
minimization, with the aim of designing  
approximation algorithms, instead of heuristics 



Thank You !!!Thank You !!!

www.dti.unimi.it/~ciriani


