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Spectral Transformations

n
S T F=

1

1

n
n

i

T T
=

= ⊗



4

Department of Computer Science

University of Victoria

Example Transformations

• Rademacher-Walsh:

• Reed-Muller:

• Chrestenson:
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Spectral Transformation 

Computation

• Matrix multiplication

• ‘Fast’ transformation techniques
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void fht(int f[], int n)

{

int i,j,k,t,m,p;

for (m=1;m<(1<<n);m=m<<1)

{

for (i=0;i<(1<<n);i+=m<<1)

{

for (j=i,p=k=i+m;j<p;j++,k++)

{

t=f[j];            

f[j]=(f[j]+f[k]);  

f[k]=(t-f[k]);     

}

}

}

}

f[k]=(f[j]+f[k])&1
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QMDD
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QMDD for Rademacher-Walsh T3
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QMDD for Column Vectors
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QMDD for 3-variable

Majority Function
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Matrix Multiplication
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NOTE: Handling of “skipped variables” differs for matrices and vectors.
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QMDD-based Spectral 

Transformation

The QMDD package is written in C and 
was designed for work related to 
reversible and quantum circuits.

Extending it to handle spectral 
transformation computation was 
reasonably straightforward.
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1. Implementing a routine to build a QMDD given the truth vector for 
a function.  This is a simple recursive construction.

2. Implementing a routine to build the QMDD for the required 
transformation matrix.  This is a simple iterative routine as a result 
of the compact linear structure of the QMDD for transformations 
defined as the Kronecker product of a single basis matrix.

3. Modifications to the matrix multiplication and addition routines to 
handle null pointers and general skipped variables separately for 
matrices and column vectors.

4. Modification to the complex value operation routines to do 
computation over GF(2) when required for the transformation.
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Experimental Results
Table 1: Results for AND function – Rademacher-Walsh Transform (+1,-1) coding.

153.91%1024157619.38%2048397113252382298

263.28%512134835.16%89631597192321987

437.50%256112062.76%38424185142261676

696.88%128892113.13%1601816596201365

1037.50%64664282.81%641814960141054

1362.50%32436512.50%2412333328743

1325.00%16212362.50%82917125332

(a) / (b)(b)
FT 

size

(a)

QMDD 
size

Total / 

FT ops

FT 

ops

TotalMultAddEdge 

Weights

S sizeF 

size

n
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Table 2: Results for OR function – Rademacher-Walsh Transform (+1,-1) coding.

83.98%102486011.96%20482458915629998

146.88%51275222.21%8961997712225887

251.56%25664440.89%384157659221776

418.75%12853674.38%160119536617665

668.75%64428132.81%6485414413554

1000.00%32320229.17%245529269443

1325.00%16212362.50%82917125332

(a) / (b)(b
)FT 
size

(a)
QMDD 

size

Total / 
FT ops

FT opsTotalMultAddEdge 
Weights

S sizeF 
size

n
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Table 3: Results for XOR function – Rademacher-Walsh Transform (+1,-1) coding.

66.80%10246848.25%204816911356189168

118.75%51260816.18%8961459748168147

207.81%25653231.51%3841218140147126

356.25%12845660.63%160976532126105

593.75%64380114.06%6473492410584

950.00%32304204.17%244933168463

1425.00%16228312.50%8251786342

(a) / (b)(b)
FT size

(a)
QMDD 

size

Total / 
FT ops

FT opsTotalMultAddEdge 
Weights

S sizeF 
sizen
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Table 4: Results for random functions – Rademacher-Walsh Transform (+1,-1) coding.

1045.31%102410704285.30%2048584313854458130196748

1062.50%5125440286.50%896256777317947696437

995.31%2562548295.05%38411334137203047256

934.38%1281196261.88%1604191612581721155

1081.25%64692235.94%641517774131194

1362.50%32436295.83%247137348763

1425.00%16228312.50%8251786342

(a) / (b)(b)
FT size

(a)
QMDD 

size

Total / 
FT ops

FT opsTotalMultAddEdge 
Weights

S sizeF 
sizen

Table Key
n – number of variables
F size – number of vertices in QMDD for the function

S size – number of vertices in QMDD for the spectrum

Edge Weights – number of unique edge weights

Add – number of add operations in QMDD transform

Mult – number of multiplication operations in QMDD transform
Total – total operations in QMDD transform

FT ops – operations in fast transform

QMDD size – size of QMDD for spectrum (bytes)

FT size – size of spectrum vector for fast transform (bytes)
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Table 5: Comparisons for various functions and transformations.

767.85%163841373405.44%6377292476332995681442259773612randomR

194.63%16384318880.32%6377292329317248272473612randomRM

803.03%163841315685.23%6377292501612834461084259673612randomS

1.39%13107218160.00%2.15E+0822532031303015XORR

1.03%13107213520.00%2.15E+081174502303015XORRM

0.93%13107212160.00%2.15E+0822511232163015XORS

1.26%13107216480.00%2.15E+0817350659161615ORR

0.56%1310727360.00%2.15E+081172682161615ORRm

1.23%13107216160.00%2.15E+0817350657161615ORS

1.04%13107213680.00%2.15E+08117583301615ANDR

0.56%1310727360.00%2.15E+0861302161615ANDRM

2.42%13107231720.00%2.15E+0826191680431615ANDS

(a) / (b)((b)
FT size

(a)
QMDD 

size

FT 

ops

TotalMultAddEdge 

Weights

S 

size

F 

size

n



18

Department of Computer Science

University of Victoria

Table 6: Results for MIN function r=3 – Chrestenson Spectrum.

2.10%944784198441.54%590490908887482145211372010

5.25%314928165203.83%17714767786406138455110189

12.81%104976134489.52%524884999559444038986168

30.37%349921062824.03%153093679559312032365147

69.10%11664806054.34%43742377397198025747126

147.74%38885744120.82%12151468316115219132105

280.25%12963632332.72%32410783976811222084

458.33%4321980482.72%81391154237661163

591.67%144852772.22%18139736627542

(a) / (b)(b)
FT size

(a)
QMDD 

size

Total / 
FT ops

FT opsTotalMultAddEdge 
Weights

S sizeF 
size

n
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Table 7: Results for MAX function r=3 – Chrestenson Spectrum.

1.99%944784187720.69%590490407557734984541372010

4.96%314928156081.83%17714732505142736398110189

12.08%104976126804.81%524882527451207634186168

28.68%349921003612.47%153091909388152128665147

65.40%11664762831.37%43741372325104723047126

140.74%3888547276.87%121593426267217432105

275.31%12963568180.86%3245861993871182084

450.93%4321948404.94%81328136192641163

602.78%144868772.22%18139736628542

(a) / (b)(b)
FT size

(a)
QMDD 

size

Total / 
FT ops

FT opsTotalMultAddEdge 
Weights

S sizeF 
size

n
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Table 8: Results for MOD-SUM function r=3 – Chrestenson Spectrum.

1.85%10497619401.77%52488931559372749238

4.89%3499217125.20%15309796478318658207

12.72%11664148415.11%4374661397264567176

32.30%3888125643.29%1215526316210476145

79.32%12961028120.68%324391235156385114

185.19%432800316.05%8125615410229483

397.22%144572672.22%18121734820352

(a) / (b)(b)
FT size

(a)
QMDD 

size

Total / 
FT ops

FT opsTotalMultAddEdge 
Weights

S sizeF 
size

n
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Concluding Remarks

• The method is a consistent approach to a variety of 
transformations for binary and multiple-valued functions.

• It is most efficient for transformations composed as a 
Kronecker product of an
r × r base matrix.

• Formal analysis of the complexity of the approach is 
complicated by the use of computed and computation 
tables in the QMDD implementation.

• Ongoing work involves application of this approach for 
benchmark examples and studying the effect of variable 
reordering on the QMDD size.
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