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Outline of the Talk

Why ít important?

Different classifications

NPN-classification

What does it mean?

Classification by Reed-Muller expressions

NPN in terms of Reed-Muller

SD-classification

LP-classification

Classification by 
Walsh coefficients

Autocorrelation functions

About classification of switching functions



Classification of Switching Functions
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Classification – Why?

Realization by prototypes

Similar circuits for functions withing the same class

Standardization of methods for testing

Univerzal logic modules

Identification of functionaly equivalent logic 

in cell library binding



Early Works

Solomon W. Golomb



NPN

Opeartions for classification

1. Negation of input variables ( N )

ii xx →

2. Permutation of input variables ( P )

ji xx ↔

3. Negation of function values ( N )

ff →

N

P

NP

NPN

Class



Representative Functions

Canonic order of variables nxx ,...,1

Positive literals, except for P-class
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Number of Equivalence Classes

2.0×10146161262221442|CNPN|

4.0×101412281584022263|CNP|

-3.7×107398480124|CP|

1.8×10194.3×10964594218102#f(n)

1.8×10194,3×10965536256164#f

654321

n

#f – number of functions of n variables

#f (n) – number of functions of all n variables 

|Ci | - number of classes
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Realization through NPN fr

x1

x2

xi

xn

NPN fr

f

fr – NPN representant

1. Negation of inputs

2. Permutation of inputs

3. Negation of output

N P N

NPN



SD-Classification
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f sd – representant for all NPN-equivalent functions determined by

the decomposition of  f sd with respect to each of its variables.   

Morinochi Goto



SD-equivalent Functions (Example)
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SD – classes

n = 3
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Realization through SD fr

x1

x2

xi

xn

SD fr

f

fr – SD representant

0
1

2. Negation of inputs

3. Permutation of inputs

4. Negation of output

1. Selective application of 0 or 1



LP-Classification

1.Transform over variables and logic constants

2. Permutation of variables 

Addapted to AND-EXOR expressions

n = 4 AND-OR AND-EXOR

av. 4.19 3.66
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LP-transform of Variables
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LP-transforms

1.

2. 

ii xx ↔

3. 

1↔ix

4.

1↔ix

5.

6.

yxyxf ⊕=),( yxyxf ⊕=),(yy →

yxyxf ⊕=),( xyg ⊕= 11→x
LP-equivalent

100 )( xffxfLP ⊕= Identical mapping

102 1)( xfffLP ⊕⋅=

103 )( fxxffLP ⊕=

104 1)( fxffLP ⋅⊕=

105 1)( fxffLP ⊕⋅=

yx ⋅⊕⋅ 11

yy → 1→x

yx⊕1

x→1

yx ⋅⊕⋅ 11yx ⊕

1→x

yx ⊕

101 1)( ffxfLP ⋅⊕=

iii xxx →→→ 1

iii xxx →→→ 1
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LP-equivalence

LP-equivalence relation

1. ff ≡

2. ),(1 ji xxff ≡If and ),(2 ij xxff ≡ then 21 ff ≡

3. F ESOP for ),...,( 1 nxxf

G ESOP derived by a LP-transform of F

g a function represented by G Then gf ≡

xyyx ≡ xx ↔

1⋅≡ xxy 1↔y

yx ⋅≡⋅ 11 yx ↔

111 ⋅≡⋅ y 1↔y



LP-equivalent Functions
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LP-representative Functions
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Number of LP Equivalence Classes

>5.5×1011
693630632|CLP|

2.0×10146161262221442|CNPN|

4.0×101412281584022263|CNP|

-3.7×107398480124|CP|

1.8×10194.3×10964594218102#f(n)

1.8×10194,3×10965536256164#f

654321

n

#f – number of functions of n variables

#f (n) – number of functions of all n variables 

|Ci | - number of classes n sufficiently large
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Classification in terms of RM-expressions

8  classes NEU, ODD, EVEN, DEG, SD, LV, SC, NSC

1. A switching function f is called neutral if | f | = | f |. 

Neutral switching functions form the class NEU. 

2. A switching function f is called odd (even) if | f |an odd (even) integer. 

Such functions form classes ODD and EVEN. 

3. A switching function f is called degenerated if there exists a variable xi such that 

f(xi) = f(xi), i.e., xi is not an essential variable for f. Such functions form the class DEG. 

4. A switching function f is a self-dual function if f(x1,. . . ,xn) = f(x1,. . . , xn). 

Self-dual functions form the SD-class. 

5. A variable xi in a switching function f is called linear if f(xi) = f(xi). The set of functions 

that contain at least one linear variable form the LV-class. 

6. A function f is self-complementary is both f and its complement f belong to the same 

NP-class. All self-complementary functions for a given number of variables n form 

the SC-class. 

7. The NSC class is defined as the set difference of the NEU-class and the SC-class. 



Motivated by Technology Mapping

In mask and field programmable technologies, 

the minimization of inverters is a problem

Library cells with linear variables, or cells that are capable of 

realizing self-complementary functions are useful in 

reducing the number of inverters

Some of these classes can be specified using derivative operations 

of the Boolean Differential Calculus

Representative of the classes specified in terms of 

Fixed-polarity Reed-Muller expressions



Corrections

Classes (SDT ∩ DEG)\LV, (LV ∩ DEG)\SD and           

DEG∩SD∩LV are non-empty sets

Distribution of functions for n = 4 into 13 classes.

Class      1           2         3         4        5       6   7     8      9     10   11 12    13

# of f 32768  19208  5856   5768   786   176   32   32 108   16   96   0   690

Class 12 empty for n = 4 but not for n > 4



Classification by Walsh Coefficients
Translation invariant spectral operations

1. Permutation of variables xi by xk, i ≠ k ≠ 0

2. Replacement of a variable by its complement xi → xi
’

3. Replacement of a function f by its complement f ′

4. Replacement of a variable xi by a linear combination of variables 

xi⊕xk, or in more general case, replacement of xi by 

(xa ⊕ xb ⊕… ⊕xh) ⊕xi, which is called spectral translation

5. Replacement of a function f(x1, . . . , xn) by the function 

xi ⊕f ′(x1, . . . , xn) where f ′ is uniquely defined by

a particular transformation over indices of 

Walsh spectral coefficients for f. 

This operation is called the disjoint spectral translation



Classification by Autocorrelation
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Decision Diagrams in Classification

BDD are used to check is two functions belong to the same

autocorrelation class

1. # of true minterms

2. # of essential variables

3. Shortest path length in the BDD

Features are not affected by the autoccorelation classification rules

Functions that belong to the same autoccorelation class

have identical these parameters



BDD in NPN-classification
If n = 3, then 14 representative functions in NPN-classifictaton

10 functions essentially depend on all three varaibles

Super BDD is a combination of BDDs for these 

representative functions

When equipped with selection switches, Super BDD

can realize all these functions



208 essentially depend on all the variables

FDD in NPN-classification

If n = 4, then 222 representative functions in NPN-classification

Super BDD for n = 4

# of bits to encode functions in Super BDD is smaller than

# of bits to encode these functions in synthesis by LUTs 

The realization of the corresponding modules 

may be larger and slower than that of LUTs

Problems

Alternative

FDD may produce simpler Super Decision Diagram



Closing Remarks

Classification – an old subject of continuous research interst

Classification methods differs by 

Boolean

Spectral

Autocorrelation functions

Reed-Muller expressions

Walsh coefficients

Boolean differenceTools

Domain
Reduction of 

# of classes

Efficient 

classification 

procedures
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