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Definitions

Function F (xo X ,....,xn_lj 1s called threshold

if 1t can be expressed as tollows :

F(xn_l,....,xo) = Sign(v,,l_lx,,l_1 + .t VX, — a) —

1 if A=0
O if A<O
v, - weight of input (variable) x ;

a - threshold.

where SignA = {



Definitions
A boundary function 1s a threshold function

having v, = 2’ weight of its i arguments :
Y= F(xn_l,. D A a) = F(a),

X 1,...,X, —arguments,

0
a — threshold.

n—1

[ n )
y = Sign ZXZ.ZZ—CZ .
\ =1 J




Definitions

n—1

a=Y, 0,2 ael0,2"-1
i=0
Zz:(ocn_l,...,oco), ocie{o,l}

One to one correspondence: g«¢>g and x, <>,

If a<>dand b b, then from g > b follows: a > b

But: from g > b does not follow: g > E



Graph of the boundary function
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Boundary Representation of Boolean

function

X j can be defined by a set

Any Boolean function y=F| x ( 0

n—1°-

of its bound points A= {al,. . .,ak}
Notations: y=F [xn_l,. . .,xo;{al,. . .,ak}]
y:F(Aj y:F(x X ;A] y:F(a ,...,ak)

Example: y. = F Lx o5 XX, J equals to 1 on the set of points:

{34,5,6,11,12,13,14,15}.

Its bound points are a,-3;a,-7;a,=11.

V.= F[x xz,xl,xo,{3,7,1l}] oryl.:Fl.(3,7,11)



Boundary Representation of a Boolean
function
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Implementation of y, = F ({3,7,11})by a network of
boundary functions
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Implementation of ¥ =F({3,7,11})
by a network of boundary functions
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Interval functions

A logic function being equal to 1 only on interval [a,b)
is called interval function

y:](xn—19°°°9x0;[a9b)) y:[([abb))

1([a,h))=T(a)®T (b)=T(a)T ()

Any Boolean function F’ can be presented as

F=I+-+1=T(I,..1;0..01)



Analog Implementation of a threshold
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Implementation

1. Analog implementation

DAC

COMPO
RATOR

Analog boundary gate




Digital implementation

Synthesis of boundary functions

Put components of a binary vector of the threshold into
correspondence with arguments of the function.

For example, a =001101001 :
o o0 1 1 0 T 0 0 1

X8 .X7 )C6 .X'5 X4 X3 .X'z Xl )CO
Put “+” after 0 and “&” after 1

o o 1 1 o 1T o0 0 1

x8+ x7+ Xo X x4+ Xy x2+ x1+ X,

If 0 follows 1, the expression that begins with '0” appears 1n
brackets:

['(001101001)= x, +x, + x.x5 (x, +x, (x, + X, +x, )



Example 1
Y :F(x3,x2,x1,x0;{3,7,11})
['(3)=T(0011)=x, +x, + x,x,
['(7)=T(0111)=x; + x,x,x,
[(11)=T(1011)=x,(x, +x,x,)

Y, = (x3 +x, +x X, )(x3 + xlexo) + X3(X2 + xlxo) =

X, (x2 + X X, ) (xlexo ) + X, (x2 + xlxo)

Vi = XX, + XoX + Xy X3 + XoX1X5



Example 2

Function YV, = XX, X, + X, X,X; + X, X, + X, X,

L —
N —)

il Bl K—H E—N E—2—]

— = = S = S

— S =S = -

_lol=m]loleo =

X3 X,

Vo = F(S)m: (x3 + % (% + g ))M



BDDs of Boundary Functions
V1= F({3’7’11})

[(0011) [(0111) [(1011)
() [ 4 (x)

“ 2 () ()

- (%) 7 (x)

—_—

0 1 0 1

Separate BDDs




Merging of separate BDDs

r'(0011) T(0111) ['(0011) T(0111)+T(1011)

- (3
1 0




Decomposition of Boundary Functions
For any boundary function

a simple disjoint decomposition exists :
r(X,.X,;ab)=T(X,.T(X,:b):a.1)

For example : I(01.111) =T (x,,x;, T'(x,,x,,%,:111);011) =

= F(x4,x3,(x2x1x0);01 1) =X, + X, (xlexo)
Let X =x ,
1_‘(xn—l’)(b;ocn—l'b) ~ 1_1(xn—l’r()(b;b);ocn—l'l) =

= X F(b)+@ l(xn_1+F(b))

anda=0o, _,then:

n—1"n-1

=maj(F(b) X O_:_ )

> n—1%"n-1



Partition on a set of arguments
Lety=T(X;4),and X =X UX,;(X, NX,=02)
Then:yzr(Xa.Xb;a.b).

For example: y, :F(x4,x3.xz,xl,xO;Ol.IOI),

X = {x4,x3},Xb = {xz,xl,xo},a =01,6=101

Theorem :

F(Xa. X,;a. b) = F(Xa;a+1)+F(Xa;a)F(Xb;b);

or :F(a. b) = F(a+1)+F(a)F(b)

In theexample : y, = F(x4,x3;10)+F(x4,x3;Ol)F(xz,xl,xO;IOI)
V3 =Xy +(x4 +x3)(x2 (xl +x0))

In a case of a different partition:
r(011.01)=T(100)+T(011)T(01)=x, +(x, +x,x, )(x, +x, )



Functional expansion of Boundary Functions

Two above - obtained formulae

F(xn_l, X0 . b) = maj(F(b) ,xn_l,&n_l) and
[(a.b)=T(a+1)+T(a)T(d)

enable to express Boundary expansion formulae.
Let o, be a certain bit of the threshold. Then :

[(a.a,.b)=T(a+1)+T(a)T(a,.b)=T(a+1)+T(a)maj(T(b),x,0,)

l

For example :

L(01.2.11) =T(x,,x;;10)+ T (x,,x,;01) maj (T (x,,x;11),x,,0) =
:x4+(x4+x3)(x2xlx0)

r(0_1_111) = F(x4;1)+F(x4;0)maj(r(x2,xl,xo;111),x3,0):

=X, T (x3x2x1x0)



Important Cases of Expansion
The expansion can be simplified in the following important cases :
o, =1-T(a.l.b)=T(a+1)+T(a)(I(b)x,)
o, =0T (a.0.b)=T(a+1)+T(a)(T(b)+x,)

( ): (()x ’anl)

F(a.oco) F(a+1)+F(a ma](F , X ,0)=F(a+l)+F(a)xO

F(X; a) = mazj(&n_1 X1 mazj(&n_2 X, 5> maj(. . mazj(&1 , X5 X, ))))
The last expression 1s used as the basic expansion for

the proposed QCA implementation of Boolean functions.



Majority comparator

F(X;a) - maj(&n—l’xn—l’maj(&n—Z’xn—Z’maj('"maj(&l’xl’xo ))))
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QCA mmplementation of the comparator
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Programmable Comparator Array
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Conclusions

A novel universal quantum cellular automata gate -
boundary comparator is presented

A programmable comparator based array (PCA) based
on this comparator 1s presented

A method for implementation of the QCA schemes by
the PCA 1s developed

The PCA provides better solution in comparison with
conventional methods for considerable number of
benchmarks

The main advantage of the proposed solution is its
regularity, which provides the testability, a potential
reconfigureability, reparability etc.



