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Birkhoff’s theorem

An arbitrary q × q matrix
with entries ∈ {0, 1, 2, ..., p}
and all line sums = p :





0 2 3
2 2 1
3 1 1







Birkhoff’s theorem





0 2 3
2 2 1
3 1 1





=





0 1 0
0 0 1
1 0 0



+





0 0 1
0 1 0
1 0 0



+





0 1 0
1 0 0
0 0 1



+





0 0 1
0 1 0
1 0 0



+





0 0 1
1 0 0
0 1 0





n = p × q

15 = 5 × 3



A logically irreversible computer
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A logically reversible computer :

3

1 2

4
adding & subtracting

computer
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3

1 2

4
adding & subtracting

computer

3

1 2

4
adding & subtracting

computer

{

P = A + B
Q = A − B

⇒

{

A = 1
2 P + 1

2 Q

B = 1
2

P −
1
2

Q



A1A2A3 P1P2P3

0 0 0 1 1 1

0 0 1 1 1 0

0 1 0 1 0 0

0 1 1 0 0 0

1 0 0 1 0 1

1 0 1 0 1 0

1 1 0 0 0 1

1 1 1 0 1 1
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2a

3a

a

a1b

c

d

e

a



B

C

A P

R

Q
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C

A P

R

Q

22w−1



B

C

A P

R

Q

22w−1
× 22w−1



B

C

A P

R

Q

22w−1
×22w−1

× ... ×22w−1



B

C

A P

R

Q

22w−1
×22w−1

× ... ×22w−1

=
(

22w−1
)2w−1

= 2(w−
1
2)2w



B

C

A P

R

Q

22w−1
×22w−1

× ... ×22w−1

=
(

22w−1
)2w−1

= 2(w−
1
2)2w

> (2w)! ≈ 2(w−log(2))2w



Reversible truth tables of width 3

(a) an arbitrary reversible circuit

(b) control gate

A1A2A3 P1P2P3

0 0 0 1 1 1
0 0 1 1 1 0
0 1 0 1 0 0
0 1 1 0 0 0
1 0 0 1 0 1
1 0 1 0 1 0
1 1 0 0 0 1
1 1 1 0 1 1

(a)

A1A2A3 P1P2P3

0 0 0 0 0 1
0 0 1 0 0 0
0 1 0 0 1 0
0 1 1 0 1 1
1 0 0 1 0 1
1 0 1 1 0 0
1 1 0 1 1 1
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n! 2n/2
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∞∞∞n
2

∞∞∞2n



r = number of reversible circuits

= number of n×n permutation matrices

u = number of quantum circuits

= number of n × n unitary matrices

w n = 2w
r = n! u = ∞∞∞n

2

1 2 2 ∞∞∞4

2 4 24 ∞∞∞16

3 8 40,320 ∞∞∞64

4 16 20,922,789,888,000 ∞∞∞256
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