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P = A+B

Q= A-B
. {A = i P+5Q

B=1irP-1Q



Groups

A group G consists of :
e a set S and

e an operation ) .

Set and operation have to fulfil conditions :

e S has to be closed :
aflbe S

e () has to be associative :
(@aQ2b)Qe=aQ (bQc)

e S has to have an identity element :
afli=a

e cach element of S has to have an inverse in .S :
aQal=1



Truth table of three reversible logic gates of width 2
(a) an arbitrary reversible gate r

(b) the identity gate ¢

1

(c) the inverse — of r

AB|PQ| |AB|PQ| |AB|PQ

00{00| [00|00| 0000
0110 | |01]01| [01]11
10 (11| [10[10| [10]01
1101 | [11[11] [11][10
(2) (b) (c)

The group of reversible gates of width w
is isomorphic to the symmetric group Sow .
Its order is (2¥)! .
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Truth table of reversible logic gates (w = 3)
c) an exchanging gate

(a) a linear gate
(b) a selective gate

(




A — P
Subgroups B — L Q
C — —R

The subgroup of linear reversible gates

The Reed-Muller expansion

e of a non-linear reversible gate :
P = B AB & AC
Q = A
R =Ca®AB® AC .

e of a linear reversible gate :
P=1®BaC

Q= A
R=A®B.
P 1 011)(A
Ql=|0|®|100||B
R 0 110)\cC

This subgroup is isomorphic to
the affine general linear group AGL(w, 2).
Tts order is 2W+Dw/2 1,

where w!s is the bifactorial of w :
wly = 1(14+2)(14+24+2%)...(1+2+224+... 427 1) .



The number r of reversible gates
the number [ of linear reversible gates

w r [
1 2 2
2 24 24
3 40,320 1,344
4 | 20,922,789,888,000 322,560

r(w) = (2%)!
l(w) _ 2(w+1)w/2w!2
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The subgroup of univariate linear reversible gates

Each output is only function of one input :

P =16B
Q = A
R = C.

This group isomorphic to the indirect product S,,:S% .

The subgroup of exchangers

Each output equals one input :

P =B
Q = A
R = C.

This group isomorphic to the symmetric group S,, .

A trivial subgroup

Each output equals its corresponding input :

P = A
Q =B
R = C.

This results in the trivial subgroup I .






A chain of subgroups

We have thus constructed a chain of subgroups :
Sow DO AGL(w,2) D Sy:Zy DS, D1,
with subsequent orders

(2)1 > 2@ FVw/2 1) > 12 > wl > 1

Example w = 3 :
Ss D AGL(3,2) D S3:85>83D1,
with subsequent orders

40,320 > 1,344 > 48> 6 > 1 .



Cosets

Let a be a member of the group G .
The coset of a is the set b Q2 a |
where b is a member of the subgroup H .

|
6

S, S, xS,

(@ ()

The symmetric group Sy partitioned
(a) as the four left cosets of Ss .



Cosets

The coset of a is the set b Q2 a |
where b is a member of the subgroup H .

Maslov and Dueck apply the following
chain of subgroups :

Ss DS DSD02S;0S8:,D0S350S8, 0S5, =1.
with subsequent orders
40,320 > 5,040 > 720> 120>24 >6>2> 1.

For synthesizing all 40,320 members of Sg
they need a library of only 28 elements.
The synthesis is a cascade with length of 7 or less.



Double cosets

Let a be a member of the group G .
The double coset of a is by 2 a €2 by |
where both b; and by are members of subgroup H .

|
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S, S, xS,

(@ ()

The symmetric group Sy partitioned
(a) as the four left cosets of S3
(b) as the three double cosets of Sox Sy .



Double cosets

The double coset of a is by 2 a €2 by |
where both b, and by are members of subgroup H .

Van Rentergem et al. apply the following
chain of subgroups :

SeDS2>S8;OSi =1 .
with subsequent orders
40,320 > 576 > 16 > 1 .

For synthesizing all 40,320 members of Sg
they need a library of only 7 elements.
The synthesis is a cascade with length of 7 or less.
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Synthesis according to
double coset space
SSX Sg\ 816 / SgX Sg
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Synthesis according to
double coset space

SgX Sg\ 816 / Sg
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S, xS, S, xS,

S, x S,

©

Partitioning of S4 according to

(a) double coset space Sox So\ Sy / Sox S |
(b) right  coset space Ss/Syx Sy, and
(¢) double coset space So\ Sy / Sox Sy .
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Mappings:
(a) arbitrary mapping a € Sio

(b-d) its decomposition into three mappings :
a = hivhy, with

hi € S;x Sy
v € SoX Sox Sox Sox Ss and
ho € S5x Sy
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Mappings:
(a) arbitrary mapping a € Sio

(b-d) its decomposition into three mappings :
a = hivhy, with

hi € S7
vV € SoX Sox Sox Sex Ss and
ho € S5x Sy
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Mappings:
(a) arbitrary mapping a € Sio

(b-d) its decomposition into three mappings
a — hl?)hg with

hi € S;x S7x S7x Sy
v € SyX SyX Syx Syx Syx Syx Sy and
hy € S7X S7x S7x S7x Sy



Young subgroups
of a symmetric group.

A Young subgroup of the symmetric group S,
is any subgroup isomorphic to

Sa; X Say X ... X Sq,

with (a1, as, ..., ax) a partition of the number a,
le.with ai1+a+...+ar=a.

The subgroups
S5 = Syx Sy x ... Sy (§ factors) and
2

Sa = Sgx Sg (2 factors) are called

dual Young subgroups of S,

as they are based on

two dual partitions of the number a :
a=2+24+..4+2 (5 terms) and

a=35+3 (2 terms).
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Electronic implementation is based on

the subgroup of control gates :

winputs A, B, C, ..., J, and K and

w outputs P, Q, R, ..., Y, and Z, such that :

P =A
Q = B
R =2C
Y = J

Z = f(A,B,C,..,J)®K

where f is an arbitrary boolean function
of the w — 1 variables A, B, C, ..., J.

The subgroup is isomorphic to 82~ of order 22°™".

Three special examples:

o If f=0, then Z =K.
Then the gate is the identity gate «.
olf f=1,thenZ=10 K =K.
Then the gate is the inverter or NOT gate.
o If f(A,B,C,...,J)=ABC...J,
then the gate is the CONTROLLED“~! NOT gate
or TOFFOLI gate.






The NOT gate:

The CONTROLLED NOT gate:
P = A
QR = A®B.
is equivalent with
P = A
Q = if (A=0) then Belse B .

The CONTROLLED CONTROLLED NOT gate or TOFFOLI gate:

P =A
Q = B
R = ABoC .
is equivalent with
P =A
Q = B

R = if (AB=0) then C else C .



Schematic for

(a) CONTROLLED NOT gate

(b) CONTROLLED CONTROLLED NOT gate
(c) CONTROLLED SWAP gate
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The CONTROLLED SWAP gate or FREDKIN gate :

P = A
Q B AB @ AC
R = CoAB@ AC .

is equivalent with
P = A

Q = B
R = if (A =0) then C else B .
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Microscope photograph (140 ym x 120 ym) of
2.4-um 4-bit reversible ripple adder.
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Microscope photograph (610 ym x 290 pm) of
0.8-um 4-bit reversible carry-look-ahead adder.
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