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Switching Theory and Digital Signal Processing

Switching theory mathematic foundations for Logic design

Transmission Switching Theory
Storage_ Logic Design
Processing

of information encoded in digital (binary) signals

Methods 1n signal processing to solve problems in

Design
Optimization
Verification and testing

DSP

of switching circuits and systems



Goal of the Paper

Applications of group-theoretic methods in DSP to

Derivation of compact representations for switching functions

Logic circuit design from spectral representations

Fourier series expression with varyed domain groups
Estimation of complexity

Design of logic circuits with regular structure



Transmission of Information

Discrete Signals and Digital Systems
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Why Compact Representations?

System-on-Chip Requirements 1n practice
Network-on-Chip

Design objective

Use fewer chips
Do more on a chip

Eliminating redundant gates
Fries up the chip area

Reduces power dissipation
Simplifies testing, etc.



Spectral Representations

Compact encoding of information = S
Natural phenomena modelled by spectral methods. oy

Implications
Many, for instance

Different algebraic structures

Komamiya, Y., Information Theory,
G th Application of Logical Mathematics to Information Theory,
roup theory Application of Theory of Group to Logical Mathematics, 1953.

SpECtraI technlques Hurst, S.L., Logical Processing of Digital Signals,

Crane Russak and Edward Arnold, London and Basel, 1978.
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STAFF OF THE COMPUTATION LABORATORY

PREFACE
During the spring term of the academic year 1947-48, the present writer first offered
at Harvard University a course of leciures entitled “Organization of Large-Scale Digital
Caleculating Machinery.” This course included a treatment of general-purpose ealculators
from the functional and operational point of view and a discussion of individual components
such as sclection circuits, storage devices, adders, multipliers, ewe. The circuits chosen
for discussion were all taken from operating computery, and the ease method of instruction

was largely employed.

At the same time, the Staff of the Computation Laboratory was engaged in the design
of computing and control circuits for the Mark 111 Calculator, making use of experimental
results obtained from a research program extending over a ten-year period and the empirical
methods of circuit synthesis at that time so widely employed. Thus, both in the laboratory
and in the ¢l ample opp ity war offered 1o obs that the lack of adequate
mathematical methods for the investigation of the functional behavior of ¢l ic comtral
circuits represented the largest single obstacle 1o the rapid development of the subject
and to the instruction of students looking forward to an active career in the field.

Harry Rowe Mimne, Profcssor of Applicd Physics, kindly attended the aforementioned
course of lectures for two successive years. In addition to giving moch valuable advice,
Professor Mimno completely concurred with the opinion of the lecturer s to the desirabiliey
of undertaking a detailed investigation of the general subject of electronic-control-circuit
synthesis. At this time a contract was effected between the United States Air Foree and
Harvard University which made it possible for the Staff of the Computation Laboratory
o embark on a program of research in connection with electronic components for use in
computing machinery. This contract, administered by Donald D. Foster for the Air
Force, wisely stipalated that development of & general nature, rather than the construction
of particular components, was to be the end in view, and thereby made available the sppar-
tunity 1o undertake the investigations leading to the results recorded in the present volume.

Work commenced in April 1948 and led to the sections on control-circuit theory
included in the Progress Reports of the Computation Laberatory. For the results included
in seven of these, William Burkhart, Theodore Kalin, and the present writer were jointly
respansible.

In August 1949 Mr. Burkhart left the Computation Laboratory to join the research
wiaff of the Monroe Calculating Machine Company. Me. Kalin also left, in December
1949, and became associated with the Air Force Cambridge Research Laboratories. There-
alter the work was concluded with the collaboration of Peter Strong, who, together with
the present writer, prepared the pertinent sections of Progress Reports Nos. 8, 13,and 16,

Although those already mentioned were primarily responsible for the production of
this volume, many other members of the Staff of the Computation Laboratory have made
i ibuti Martha Whiteh d the minimizing charts used so
profusely throughout this book, and in addition prepared minimizing charts of seven and
eight variables for cxperimental purposcs. . Orten Gadd, Jr, designed the control tapes
employed by the Automatic Sequence-Controlled Caleulator in connection with the deriva-
tion of the Table of the Switching Functions of Four Variables contained in the Appendix.
Frank Gueker and Robert Burns assisted in the construction of the Table of Input Rear-
rangements alio included in the Appendix. Chapter X was greatly influenced by the work
of An Wang concerning selenium-rectifier circuits. This chapter also includes mention
of the methods of mounting small disk rectifiers developed by Robert E. Wilkins, The
work of Benjamin Moore, Marshall Kincaid, Richard Hofheimer, Charles A. Coolidge, r.,
Way Dong Woo, Gerrit Blaauw, Michele Canepa of the Olivetti Company, Ltd., Ivres,

Ttaly, and others has been used to advanesge throughout the book. Particular ean
tions have been made to Chapters X1I and XIIT by Dr. Wang and Mr, Coalidge,
previously mentioned, the sections on circuit theory in the Progress Reports represc
the chief source of material for the present volume, Several of these reports, howeve:
have undergone revision at the hands of Mr, Strong and the present writer.

As regards the mathematical approach to the subject matter of this velume it shogld
be noted that several alternatives exist. The m of the propositional caleulus have
been f ly suggested for wse in thi i in, Boolean algebra was employed
by Claude E. Shannon in his discussion of relay circuits. It is believed, however, that the
algebraic approach adopted in the present volume provides a particularly convesient
vehicle of thought and has the considerable advantage of lying within the province of the
average reader’s previous mathematical experience, Although this opinion has in part
been confirmed by the experience of the Staff of the Computation Labaratory in the design
of the Mark IV Caleulator, final confirmation must waft until a reasonably large sumber
of persons have had the opportunity to apply the methods of this volume, Hence, the
present writer is obliged to record that the general algebraic approach, the switching
function, the vacuum-tube operator, and the minimizing chart are his propossls, and
that he is responsible for their inclusion herein,

In addition to the course of lectures at Harvard University, some of the material in
the book has been presented in lecture form on other occasions, Mr. Kalin presented a
briel summary of Chapters I to IV before the Association for Computing Machinery at
Oak Ridge National Labaratory in April 9. Mr. Burkhart gave a similar lecture before
the Institute of Radio Engineers in May 1945 at Cambridge. Lectures have also been given
on the subject by the present writer in the course of an Europesn tour during January
and Febroary of 1950 at the Internavional Colloquium “Les Machines i Calculer et la
Pensée Humaine™ at the Institut Blaise Pascal, Paris; at the Kunglig Tekniska Hogskola,
Stockholm, under the auspices of M H the Chalmers Tekniska
Hogakola, Goteborg; the Eidy Technische Hi hule, Zurich; and at the
Institue fiir Praktische Math, ik, Technische Hoch il dt. Professor Leop
Brillouin, formerly of Harvard University and now with the International Business
Machines Corporation, Professor Douglas Hartree of the University of Cambridge, Professor
Charles Manncback of the University of Louvain, Professor Dr. Alwin Walther of the
Institut fir Praktische Mathematik, Darmstade, and Dr. John Bowman of the Mellon
Institute of Industrial Research have all discussed parts of the manuscript, and by their
interest lent especial encouragement to those engaged in the task of compiling this valume.

The Staff of the Computation Labaratory withes to express its app:
kind caSperation of the Harvard University Press in making the publication of this and
other volumes of the #nnalr possible; in particular Joseph D Elder, Science Editor of the
Press, has rendered valuable editorial assistance.

Jacquelin Sanborn prepared the ipt for publication with the assi of
Carmela M. Ciampa, who drew the many figures of the book. The photographs of rectifier
circuits and the Mark 1 multiply unit, as well as the films used in making the plates from
which the book was printed, were prepared under the direction of, Paul Donaldson,
pholog:_'lphr of Cruft Laboratory, in part assisted by Robert Burns.

It is 2 pleasure to acknowledge the support given by contract Wig-133-ac-24 between
the United States Air Force and Harvard University, without which the present work
could not have been undertaken. Howarn H. Aixen

Cambeidge, Masackuseers
Jussisry 3958




Algebraic Approach

As regards the mathematical approach to the subject matter of this volume,
It should b enoted that several alternatives exist.

The methods of the propositional calculus have been frequently
suggested for use in this connection. Again, Boolean algebra
was employed by Calude E. Shannon in his discussions of relay circuits.

It is believed, however, that the algebraic approach adapted in

the present volume provides a particualrly convenient wehicle of thought
and has the considerable advantage of lying within the province of

the average reader’s previous mathematical experience.

Howard H. Aiken, 1951
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Switching Theory and DSP

Different interpretation of existing methods for
better understanding and improved exploiting in practice

A unified approach to various results,
their extensions, and generalizations

Derivation of completely new resutls for switching functions



Spectral Methods

Classical approaches
Fixed domain group, selected transforms

Change of basis functions
Preserving some but not all useful properties
Mostly FFT-like algorithms
Reduced number of non-zero coefficients

Disadvantage - missing of some properties

Group-theoretic approach
Fixed transform (Fourier), selected domain groups



Basic Characteristics of Future
Computing Technologies

Regularity

Programmability and re-programmability
Delay constrains

Deep sub-micron effects
Logic span

Reusability

Brayton, R.K., "The future of logic synthesis and verfication", 1
Hassoun, S., Sasao, T., (eds.), Logic Synthesis and Verication,
Kluwer Academic Publishers, Boston, MA, USA, 2002, 403-434.



Some Avallable FPGA
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CLB - functional elements to implement logic

IOB - interface between the package pins and
internal signal lines

Routing Channels - pats to interconnect the inputs

and outputs of CLB and IOBs
RDBK - read back the content of the configuration memory
and the level of certain internal nodes

START-UP - start-up bytes of data to provide four clocks
for the start-up sequence at the end of configuration
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GA with DSP Block

M512 RAM blocks for dual-port memory,
shift registers and FIFO buffers

DSP block for multiplication and and other embedded memory functions Support to various
full |mplcmcnta(mn of FIR and IIR filters lnpl\( otput standards
I()E : I0E ] eee

M4K RAM blocks for true duall-port memory
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Design from Fourier Representations

Design principle

Decomposition of f in terms of Fourier coefficients
Realization of coefficients

Network of subnetworks for the coefficients

Fourier coefficients

Genetrator of
unitary ireducible Multipliers
representations




SOP and Reed-Muller Realizations

100001 11 11111000

=L -

= -

= - aliby

=L - smliDs

= H -

= nilby

=L - nlby

=y = -

Transform I(l){1 O} R(l)z{1 O}
0 1 1 1




Circuit from Haar Series

Generator of
Haar functions

har(0,z)

Haar coefficients for con 1
148-20-12-12-16-4-8 -4 -4 -4 2 2

har(1,z)

®

har(3,z2)

®

har(6,z)

har(7,z)

®

har(12,z)

har(13,z)

har(24,z)

®

har(35,2)

®

har(43,z)

har(114,z)

har(115,2)

®

®

Transform — (27x27) Haar transform

conl




Fourier Transform

Fourier G=R

f(x)= TSf (w)e*™*dw

S, (W) = j f (x)e ™ dx




Spectral Transforms

|G| - finite Walsh = Fourier on C,"

f=> S (wywal(w,x)

g-1 i .
F(x)=)S;(W)x(W,X) El: .+ N
w=0 io -'
gl -n .
x=0 “1{_-'-"‘ :” X :

Fourier on G = Finite non-Abelian

F0 = (F(0) = 3 Tr(S, " W)R,, (X))

S (w)=(S{"(w)) = rwg‘lgf, FEWR, U™
L= % sy od




Quaternion Group

1 0 1 o] |71 0
'{0 1} A{O —1] B{O J
|0 ~1 0 1] 0 1
S R A
GI’OUp representations
r,=1,r,=2

Coefficients

complex numbers
and (2x2) matrices

Q,

x| R, R, R, R, R,
o, 1 1 1 1 I
1 1 1 -1 -1 1A
21 1 1 1 -1
3/ 1 1 -1 -1 1B
4, 1 -1 1 -1 C
5( 1 -1 -1 1 -ID
6, 1 -1 1 -1 E
711 -1 -1 1 1D

rh=1r=1r=1r=1r,=2




Fourier Transform

Transform matrix Transform pair
/ 7
11 1 1 1 1 1 1 [Sf ]: [Qz]—l [F]
1 1 1 1 -1 -1 -1 -1
QI'=l1t -1 1 -1 1 -1 1 -1 (1x5) = (5x8)(8x1)
1 -1 1 -1 -1 1 -1 1
1 2iB -21 2iA 2E 2iD 2C -2iD| L

Spectrum

s, ]=[s,0 s, s,@ 5.3 [5.@]

F s/ 5
Function

[F.]=[f(0) f) f@2) f3) f@) 5 f6) f)
A 7 8




Fourier Tranform Matrix

L1100 1 rfto f 1@ 10 f@ 16 f© 1O
L 1 -1 -1 1 0 0 -1 5 _[s,0 5,0 5,2 5,3 5@ 55 S6 SN
1 1 1 1 -1 0 0 -1
L e A £ 2 4
11 -1 1 -1 0 -1 1 0
I -1 -1 1 0 —i —i 0 ) )
{ 1 1 -1 @ 1 .1 B 11 1 1 1 1 1 1
1 -1 -1 1 0 i i o 11 1 1 -1 -1 -1 -1
) ' 1 -1 1 -1 1 -1 1 -1
oIl -1 1 -1 -1 1 -1 1
=50 2 2 2 0 0 0 o0
o o 0O 0 0 0 -2 2i 2 -2i
No restrictionstoentiriesinkF |, o o o 2 2 -2 -3
Could be matrices 2 2 -2 -2i 0 0 0 O




Fourier Representations on Finite Groups
Groups of the same order, subgroups of different orders

G= _>n<lGi g= H Ji
1= i=0
The optimization method = Selecting suitable groups

C,', GG/, C,C¢%, Cyfay®, Gy, L
C,%, C Cyod,, C,°Cq, G707, Cy0,° n=3
C,%, C,C,%, C,0a,, C,0C,, Cg?, q,° n=9

C,'", Cp2, C,/C8, C)*C¢?, C,C¢%, C,7ay, Cyt0y%, Gy, n=10




Complexity of Fourier Representations

# of non-zero coefficients
Calculation time

Memory

f In
Sxpl 7
rd84 8
clip 9
add5 10
mul5 10
sao2 10
ex1010 10

Coff.

C,0,?
C,*
o

C210
C,10
C,’q,
C210

Time
C,Cs?
C,°Cq

C,C
CS
(:2(:83
ok

Memory

200

150

100
50

0

350
300
250
200

1000
800
600
400
200

1400
1200
1000
800
600
400
200

o= co’}f.
Etime
Omemory

c'c,
Ecoeff.
Etime
Omemory
C44 CZS CS C;q
Ecoeff.
Htime
Omemory
CZCAA CZGCE C§3 Cqu q23
Ecoeff.
Htime
Omemory
C45 C27C8 CZCXJ C27q (;’ZqZ3



Coefficients and Bits

C,’ C,C/ C,Cq? C,*a, C,0,° C,*q,

f coeft. bits coeff.  bits coeff. bits coeff. bits coeff. bits coeff. bits
cos(X) 124 1099 240 1592 248 1647 182 1280 189 722 222 1477
exp(X) 128 1472 224 1904 240 2152 192 562 144 562 192 1477
In(x) 128 1485 240 2087 248 2211 192 577 220 577 220 577
sin(X) 128 862 226 1146 246 1438 184 953 210 715 228 1185
tan(x) 128 1421 238 2102 248 2156 192 548 212 548 236 548
X2 103 752 210 997 231 1207 159 851 189 683 189 1007
X3 128 859 220 1148 246 530 168 984 210 701 234 1177
x4 111 869 202 1230 248 1612 167 1053 102 709 231 1308
X5 115 931 236 1360 246 1686 178 1143 202 731 232 1396
av. [ 1083 226 1506 195 1626 168 883 [8B 660 220 1128




Bits and 1-Bits

C,’ C,C/° C,Cy? C,%q, C,0,° C,*a,

f bits 1-bits  bits  1-bits bits 1-bits  bits 1-bits  pjts  1-bits bits  1-bits
cos(x) 1099 360 1592 713 1647 788 1280 496 722 126 1477 646
exp(X) 1472 608 1904 888 2152 992 562 35 562 35 1477 35
In(X) 1485 656 2087 969 22111135 577 35 577 35 577 35
sin(X) 862 336 1146 558 1438 726 953 453 715 169 1185 610
tan(x) 1421 501 2102 1004 21561021 548 20 548 20 548 20
X2 752 157 997 394 1207 506 851 274 683 110 1007 359
X3 859 323 1148 538 530 17 984 409 701 136 1177 582
x4 869 247 1230 464 1612 770 1053 383 709 127 1308 626
X5 931 262 1360 641 1686 799 1143 392 731 125 1396 617
av. 1083 - 1506 685 1626 750 883 277 660 - 1128 392




Coefficients, Time, Memory

add5 11 26 21 31 41 18 25 32
mul5 36 102 96 262 229 78 112 152
sao2 1024 1816 1464 2016 1956 960 1830 1540
ex1010 1024 2016 1892 1968 2032 1536 1792 1920
funl0 826 1823 1638 1984 1980 1343 1791 1740
av. 584.2 1156.6 10222 12522 1247.0 787.0 1110.0 1076.8
add5 101 188 211 80 162 792 331 762
mul5 103 92 113 130 129 502 280 538
sa02 414 201 280 210 157 630 370 528
ex1010 431 244 317 280 170 617 491 403
funl0 457 275 486 251 243 874 410 695
av. 301 200 281 190 172 683 376 585
add5 142 269 433 388 433 428 380 428
mul5 184 266 386 386 430 426 379 426
5202 187 269 282 377 433 421 367 421
ex1010 187 269 433 385 433 438 388 438
funl0 187 269 433 388 433 438 385 438



Design Recommendations

usually (not always) requires smallest number of

C,n .

non-zero coefficients

5xpl, rd84, sao2 —> C,q,%, C,4, C,7
C,'g," requires smallest number of bits and 1 bits

C,'Cy", C,! fastes computations

- smallest memory




Closing Remarks

Relating of DSP and Switching theory assumes cahange of
the underlying algebraic structures usually used 1n study of
switching tunctions

Due to that

Different intepretations of existing methods and techniques

A unified way for extensions and genralizations of theory

Derivation of new results in Switching Thory by borrowing ideas
from DSP
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