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25

Decomposition Using Decision
Diagrams

The number of inputs of the gates in a combinational circuit is restricted for
technical reasons. Therefore only simple switching functions can be imple-
mented by a two level circuit and all larger functions require a multi-level
circuit. In this chapter∗, we will review some concepts of the design of multi-
level circuit, especially using decomposition methods based on binary decision
diagrams (BDDs).

25.1 Introduction

Generally, there are two basic strategies to synthesize a circuit, i.e., to find a
circuit structure given a switching function:

I The first covering strategy is to find a cover for the function by selected
cubes. The background for this strategy is sum-of-products (SOP) and
product-of-sums representations of switching functions (see details in
Chapters 2 and 18). In this approach, the given function is covered by
a minimal number of prime implicants.

I The second strategy is called decomposition. Decomposition methods are
more difficult than covering methods. Depending on the required com-
putation power, the practical application starts in the last two decades,
much later than covering methods.

BDD-based decomposition methods can be classified to:

I Methods which detect decomposition properties of a function using BDD
operations, and

I Methods which utilize BDD data structure for decomposition.

∗This chapter is written with Dr. B. Steinbach, Technical University of Freiberg, Germany.
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54 Decision Diagrams Techniques for Micro- and Nanoelectronic Design

25.1.1 Covering strategy

Assume the variables are available in both polarities and there may be not
restriction in the number of inputs of the gates. In this case, a two-level circuit
can be build directly form the minimized normal form.

Example 25.1 A switching function

f = x1x2x3 ∨ x1x2x3 ∨ x1x2x4 ∨ x1x2x4 ∨ x3x4x5x6

is a minimal sum-of-product form, since it includes only prime
implicants (products). This means, it is impossible to remove
a variable from the product without the function’s change.

Note that these products cover the function so that sum-of-product form is
minimal. The two-level circuit structure is shown in Figure 25.1. There is a
direct mapping of Example 25.1 into an AND-OR circuit of Figure 25.1a or a
NAND-NAND circuit of Figure 25.1b, respectively. It can be observed from
the two level circuit structure of Example 25.1 that:

I There is a direct mapping between the minimized SOP and the two-level
circuits.

I The numbers of gate inputs in two-level representation can not restricted
to two inputs, in general.

In practice, the number of gate inputs must be limited. For the rest of this
chapter we assume the each gate must have no more than two inputs. To meet
this requirement, a decomposition using a tree-like multilevel circuit may be
utilized.

Example 25.2 A simple way to transform a two-level circuit
into a multi-level circuit is to substitute of a gate with more
than two inputs with a decomposition tree of two-input gates
of the same type (Figure 25.2).

When this simple decomposition is applied to each gate of a two-level circuit,
a multi-level circuit will be created. The internal structure of such a circuit
is a tree. Only the input variables are reused. This circuit can be simplified,
if several gates of the same type are controlled by the same inputs. In this
case such a gate can be reused for the associated subfunctions. Obviously,
this optimization approach depends of the distribution of the variables to the
gates while creating the basic decomposition trees.

Example 25.3 Figure 25.3 shows the optimized multi-level
circuit obtained by decomposition of the function given in Ex-
ample 25.1.

A multi-level circuit built from a minimized two-level circuit is not necessary
requirement. The reason is that the criteria of the primary minimization does
not fit to requirements to minimal circuit. Thus, an alternative strategy for
design of multi-level circuits should be developed.
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FIGURE 25.1

Two-level circuit: AND-OR (a) and NAND-NAND (b) (Example 25.1).
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FIGURE 25.2

Decomposition tree: a four-input AND gate is transformed to a tree of three
two-input AND gates (Example 25.2).

25.1.2 Decomposition strategy

The complementary synthesis strategy to the above discussed covering strat-
egy is the functional decomposition. The main idea of this decomposition is
to split a given switching function into two or more simpler function which
can be combined in a simple circuit. This strategy can be applied recursively,
and thus will result in a multi-level circuit.
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Multi-level circuit created from a minimized 2-level circuit (Example 25.3).

Example 25.4 Figure 25.4 shows a possible circuit structure
which implemented the switching function given Example 25.1.
The comparison of the Figures 25.3 and 25.4 shows:

I The number of gates correlates with the chip area and is
reduced from 13 gates to 6 gates.

I This circuit is faster than in Figure 25.3, since the decom-
position reduces the path length form 5 to 3.

r
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f f = (x1 ⊕ x2)(x3 ∨ x4)

⊕ ((x3 ∨ x4) ∨ x5x6))

FIGURE 25.4

Multi-level circuit synthesized by the functional decomposition (Example
25.4).
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Functional decomposition is much more powerful for design of multi-level
circuit then covering. Admittedly, they are more difficult than covering meth-
ods.

25.2 Decomposition types

The most general functional decomposition of a switching function f(x) is
expressed as follows:

f(x) = fc

Decomposition functions
︷ ︸︸ ︷

(fd1(x), . . . , fdk(x)), (25.1)

where fd1(x), . . . ,fdk are k independent decomposition functions fd1(x), ...,
fdk(x) and fc(fd(x)) is a single composition function (Figure 25.5).
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FIGURE 25.5

Circuit structure corresponding to the most general decomposition.

There are several approaches to restrict the most general decomposition
(Equation 25.1) so that both the decomposition functions fdi(x) and the com-
position function fc are simpler than the given function f(x).

25.2.1 Shannon decomposition

Shannon decomposition is a restricted type of decomposition specified by equa-
tion Equation 25.1. It consists of three special decomposition components.
Two of them depend on the variables x\xi and the third one is equal to xi.

f(x) = fc(fd1(x0), fd2(x0), xi) (25.2)

where the functions and sets of variables are specified in Figure 25.6. The
Shannon decomposition is used to create the nodes of a BDD. Thus, the
associated decomposition structure can be build directly from the BDD. As
shown in Figure 25.6:
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I The Shannon decomposition is implemented using a multiplexer,

I The Shannon decomposition exists for each switching function with respect
to each variable,

I Both decomposition functions fd1(x0) and fd2(x0), in this case the cofac-
tors, are simpler than the given function, and

I The simplification of the decomposition functions is small because the num-
ber of variables is reduced only by one.

Details are given in Chapters 2, 3, and 4.
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FIGURE 25.6

Circuit structure and formulas of a Shannon decomposition.

25.2.2 Davio decomposition

Changing the composition function fc of Equation 25.2 we can define two
further decompositions types, called Davio decomposition. The decomposi-
tion functions and the composition function of the positive are defined by the
formulas given in Figure 25.7a. The associated circuit structure is shown on
the left hand side in Figure 25.7a. Alternatively, the negative Davio decom-
position can be used (Figure 25.7b). The associated circuit structure is shown
in Figure 25.7b. Both types of Davio decompositions exist for each switching
function with respect to each variable. The effect simplification of the func-
tions due to Davio decomposition is similar to one achieved by the Shannon
decomposition (see details in Chapter 4).

25.2.3 Ashenhurst decomposition

A powerful decomposition was suggested by Ashenhurst [1]. We consider
below

I Disjoint and

I Undisjoint

Ashenhurst decomposition.
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FIGURE 25.7

Circuit structures of a positive (a) and negative (b) Davio decomposition.

In this decomposition only one decomposition function is used, as defined
by Equation 25.4.

Disjoint Ashenhurst decomposition. In disjoint Ashenhurst decomposi-
tion (Figure 25.8). This decomposition function depends on the bound subset
x1 ⊂ x of variables. The remaining free subset of variables x0 does not overlap
with the bound set:

x0 = x\x1 (25.3)

The free variables are directly used by the composition function

f(x) = f(x1, x0) = fc(fd1(x1), x0) (25.4)

Unfortunately, such a simple decomposition exist only for a few functions.
Further restrictions are required, in particular, undisjoint decomposition.

Undisjoint Ashenhurst decomposition. The decomposition is undisjoint
(Figure 25.8) if common variables are allowed in the bound set x1 and the free
set x0. The more variables commonly used in both sets the more undisjoint
decomposition exist.

25.2.4 Curtis decomposition

A slightly modified decomposition was suggested by Curtis [14]. In order to
restrict the number of commonly used variables, he suggested the utilization
of several decomposition functions, where all of them depend on the same
bound set of variables, x1,

f(x) = f(x1, x0) = fc(fd1(x1), ..., fdk(x1), x0). (25.5)
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Disjoint Ashenhurst decomposition
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FIGURE 25.8

Circuit structure of the disjoint and undisjoint Ashenhurst decomposition.

In disjoint Curtis decomposition, in addition to Equation 25.5, the condition
of the disjoint subsets of variables holds (Equation 25.3). If the free and the
bound set of variables overlap, we have an undisjoint Curtis decomposition.
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FIGURE 25.9

Circuit structure of the Curtis disjoint (a) and undisjoint (b) decomposition.

25.2.5 Bi-decomposition

A quite different family of decomposition approaches is the bi-decomposition.
Let the set of variables x be divided into three disjoint subsets xa, xb, and xc:

I The sets xa and xb must not be empty, and

I The set xc is called a common set.

A bi-decomposition of a switching function f(xa, xb, xc) with respect to the
composition function fc(fd1, fd2) and the dedicated sets xa and xb is a pair
of decomposition functions

〈fd1 = g(xa, xc), fd2 = h(xb, xc)〉 ,
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such that

f(xa, xb, xc) = fc(g(xa, xc), h(xb, xc)). (25.6)

If the common set xc is empty, the decomposition is called disjoint. The com-
position function fc(fd1, fd2) determines the output gate of such a decomposi-
tion. It can be an OR-gate, an AND-gate, or an EXOR-gate. The associated
decompositions are called OR-bi-decomposition, AND-bi-decomposition, and
EXOR-bi-decomposition, respectively (Figure 25.10).
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EXOR – bi – d e c o m p o s i t i o n 

f(x) = f(xa, xb, xc)

fcfd1 = g(xa, xc)

fd2 = h(xb, xc)

r

xa

xc

xb

FIGURE 25.10

Circuit structure of OR-bi-decomposition, AND-bi-decomposition, and
EXOR-bi-decomposition.

For completeness of the bi-decomposition approach a weak bi-decomposition
was introduced:

f(xa, xc) = fc(g(xa, xc), h(xc)). (25.7)

The comparison between the Equations 25.6 and 25.7 shows that the dif-
ference between the the bi-decomposition and the weak bi-decomposition is
that the dedicated set xb is empty in the weak bi-decomposition.

The weak EXOR-bi-decomposition is possible for each function but does
not guaranties the simplification. Figure 25.11 shows the circuit structure of
the weak OR-bi-decomposition and the weak AND-bi-decomposition.
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FIGURE 25.11

Circuit structure of a weak OR-bi-decomposition and weak AND-bi-decom-
position.

25.3 Decomposition based on BDD structure

Some decomposition tasks can be solved by utilization of structural properties
of a BDD. In this section we use such properties in order to decompose com-
pletely specified functions using the considered above decomposition types.

25.3.1 Multiplexer-based circuits

Each node of a ROBDD visualizes a Shannon decomposition. The associated
switching element of such a node is a multiplexer. Thus the BDD can be
mapped directly into a multiplexer-based circuit.

Example 25.5 Consider the function:

f = x1x2x3 ∨ x1x2x3 ∨ x1x2x3.

Figure 25.12a shows the associated BDD. We apply the multi-
plexer decomposition to the root node x1 of the BDD. The de-
composition functions are defined by the nodes of the cofactors.
Figures 25.12b and (c) show the BDDs of these decomposition
functions. The decomposition functions do not depend on the
control variable x1 of multiplexer. In this example, each de-
composition function (Figure 25.12e) represents a simple gate.
Figure 25.12d shows the corresponding circuit.
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FIGURE 25.12

Decomposition by a multiplexer: BDD of the function to be decomposed (a),
BDD of fd1 (b), BBD of fd2 (c), circuit (d), and decomposition functions (e)
(Example 25.5).

A BDD can be decomposed as

f = gf1 ∨ gf2,

where f1 and f2 are the functions implemented by two subBDDs, and g is
obtained by redirecting root f1 to 0, and root f2 to 1. This is a special case of
a disjoint Ashenhurst decomposition where a multiplexer on the output of the
composition function fc is controlled by the decomposition function fd1 = g.

Example 25.6 Given a BDD that implement a switching
function f (Figure 25.13a), the result of a functional MUX-
based decomposition is shown in Figure 25.13b.

25.3.2 Disjoint Ashenhurst decomposition

Given a pattern on the free set x0 of a disjoint Ashenhurst decomposition of
Equation 25.4, one of the four functions can be observed at the output:
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Functional MUX decomposition of the BDD (Example 25.6).

I f(x0 = c01, x1) = fd1(x1)

I f(x0 = c02, x1) = fd1(x1)

I f(x0 = c03, x1) = 0

I f(x0 = c04, x1) = 1

This property can be checked easily in a BDD which uses complemented
edges. A disjoint Ashenhurst decomposition exist for a given function if a
single node occurs in one level of the BDD with complemented edges. Such a
BDD can be found as result of a sifting algorithm (see Chapter 12). The nodes
above this single node specify the free set. The single node is the root node of
the decomposition function fd1. For a disjoint Ashenhurst decomposition it
is additionally allowed that edges from the free set to the leaves of the BDD
are cut.

Example 25.7 Consider the function:

f = x1x2 ∨ x1x3 ∨ x1x4 ∨ x2x3x4.

Figure 25.14a shows the associated BDD that includes one
complemented edge. The BDD includes only one node on the
level x3. A cut on the single node divides the variable into the
free set on top and the bound set below the cut. The decompo-
sition function fd1 is used in the composition function directly
in the case in the case x1x2 and negated in the case x1x2 (Fig-
ure 25.14b). Figure 25.14c shows the circuit structure of the
disjoint Ashenhurst decomposition.
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Disjoint Ashenhurst decomposition: BDD of a switching function with a com-
plemented edge (a), decomposition function fd1 and composition function fc

(b), and circuit structure (c) (Example 25.7).

Alternatively, an edge cut can be used. This requires the exchange of the
free set with the bound set in order of variables of the BDD. In a traditional
approach, this order of variables is chosen based on a decomposition chart.
Given this variable order, a BDD is generated from the circuit, and then a
cut set is selected to partition the variables into two sets.

Example 25.8 Figure 25.15 illustrates disjoint Ashenhurst
decomposition using a BDD with variable order starting from
bound set: (x1 → x2) followed by the free set: (x3 → x4). The
cut on edges is implemented.

25.3.3 Curtis decomposition

The Curtis decomposition generalizes the the edge cut approach of the Ashen-
hurst decomposition. Assume that there are k decomposition functions fdi(x1),
i = 1, 2, . . . , k, in a disjoint Curtis decomposition. These decomposition func-
tions can select at most 2k different composition functions fcj(x0). To find a
Curtis decomposition, we move the variables of the bound set x1 on top of the
BDD and the variables of the free set x0 below a cutting line of the BDD. A
Curtis decomposition with k decomposition function fdi(x1) exist, if no more
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f = x1x2x4 ∨ x1x2x4

∨ x1x2x3 ∨ x1x2x3

The decomposition and composi-

tion functions are as follows:

fd1
(x1, x2) = g = x1x2 ∨ x1x2

fc(x3, x4, g) = gx4 ∨ gx3

FIGURE 25.15

Disjoint Ashenhurst decomposition: a circuit, the ROBDD of f , and ROBDD
of the decomposition g and composition functions f = fc of the BDD (Exam-
ple 25.8).

than 2k different nodes in lower part of the BDD are reached directly by edges
from the upper part. The decomposition effect can be achieved if the number
of variables in the bound set is lager the k. Using a sifting algorithm, the
appropriated distribution of the variables between the bound set and the free
set may be found.

Example 25.9 Consider the function:

f = x1x2x3x4x5 ∨ x1x4(x2 ∨ x3) ∨ x1x2x3x4

∨x1x4(x2 ∨ x3) ∨ x1x5 ∨ x4x5.

Figure 25.16 shows all BDDs of the disjoint Curtis decompo-
sition and Figure 25.17 depicts the associated functions and
circuit structure.
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In Figure 25.16:

(a) The dashed line separates the bound set (x1, x2, x3) on top of the BDD
from the free set (x4, x5) below this line. Four nodes of the lower part
of the BDD are reached directly by edges of the upper part.

(b) The upper part of the BDD can be substituted by a decomposition tree of
the Curtis decomposition function fd1 and fd2. The BDD describes the
composition function fc(fd1, fd2, x4, x5). The selected decomposition
tree fixes the required values below the cutting line for the composition
function. The labels indicate these values.

(c) and (d) The labels in Figure 25.16b indicate these values, which are used
to find the decomposition function fd1 as shown in Figure 25.16c and
the decomposition function fd2 as shown in Figure 25.16d, respectively.

Figure 25.17b shows the circuit structure of the calculated Curtis decom-
position.

In Example 25.9, the decomposition function fd1 is very simple. Another
codings may change the complexity of the decomposition function fd1 and
fd2.

25.3.4 Bi-decomposition

Simple cases of the bi-decompositions can be found using the structure of
BDDs. Karplus [21] introduced the concept of 1-dominator and 0-dominator
which allows to find for a completely specified function:

I Disjoint OR-bi-decomposition or

I Disjoint AND-bi-decomposition.

Example 25.10 Figure 25.18 illustrates Karplus’s approach
for bi-decomposition given the switching functions f = x1x2 ∨
x3x4 and f = (x1 ∨ x2)(x3 ∨ x4) .

Ravi et al. [36] developed a weak AND-bi-decomposition using BDD ap-
proximation. They defined a BDD approximation as a construction of a new
BDD smaller in the size which implement a simpler switching function de-
pending on the same variables. In this way the decomposition function fd1(x)
of a weak bi-decomposition is found.
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FIGURE 25.16

BDDs of the Curtis decomposition: switching function f to be decomposed
(a), composition function fc (b), decomposition function fd1 (c), and decom-
position function fd2 (d), (Example 25.9).
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fc(fd1, fd2, x4, x5) = fd1fd2x4 ∨ fd1fd2(x4 ⊕ x5) ∨ fd1fd2x4 ∨ fd1fd2x4

fd1(x1, x2, x3) = x1

fd2(x1, x2, x3) = x1x2 ∨ x2x3

(a)
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bb
""
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bb
""
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fd1
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FIGURE 25.17

Curtis decomposition: decomposition functions fd1, fd2 and composition func-
tion fc (a), and the circuit (b) (Example 25.9).

Example 25.11 Given the BDD of a switching function f ,

f = x1x2x3 ∨ x1x2x3 ∨ x1x2x3,

find the BDD of fd1 and fd2 such that f = fd1∧fd2. In Figure
25.19, the approximation is calculated by remapping the node
marked black into the constant 1. The BDD for fd1 represents
function fd1 = x1x3 ∨ x2. The BDD for function fd2 is con-
structed as f ⊆ fd2 ⊆ fd2 ∨ fd1, and represents the function
fd2 = x2 ∨x3. The function fd2 depends on less variables than
the given function, so that it is a decomposition function fd2

of a weak AND-bi-decomposition. Hence,

f = fd1 ∧ fd2 = (x1x3 ∨ x2) ∧ (x2 ∨ x3).
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FIGURE 25.18

OR-bi-decomposition and AND-bi-decomposition based on the Karplus ap-
proach (Example 25.10).

 

x3 

x1

f 

x1 

x2 x2 = ∧∧∧∧����
 

x2 
x2 

x3 
x3 x3

S 

1 

x2

fd2 

x2 

x3 x3

0 1 

S 

S 

S S 

S S 

0 

x1

fd1 

x1 

x2 x2 x2 
x2 

x3 x3

0 

S 

S 

S S 

1 

FIGURE 25.19

Weak AND-bi-decomposition by approximation (Example 25.11).

25.4 Decomposition based on BDD operations

It is a property of the switching function itself whether one or another the
decomposition with respect to selected sets of variables exist. As shown in
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the previous sections, some of these properties are directly relevant to manip-
ulation the BDD of the function to be decomposed. Given an incompletely
specified switching function, its decomposition properties can be detected us-
ing the BDD derived from implicitly calculated function.

25.4.1 Incompletely specified functions

An incompletely specified function:

I Specifies the function values only for a subset of the input pattern set.

I The function values for the don’t care set (DC-set) can be chosen without
restriction.

I There are 2|DC| allowed completely specified function if the DC-set of
the incompletely specified function includes |DC| pattern. Thus the
chance to found a decomposable function growth for incompletely spec-
ified functions.

I The 2|DC| allowed completely specified function have the algebraic struc-
ture of a lattice. That means, there is a smallest and a largest function
in the lattice and both the conjunction and the disjunction of any pair
of these functions result in a function of the lattice.

An incompletely specified function f(x) is described as follows:

I The ON-set is the denoted as fq(x).

I The OFF-set is denoted as fr(x).

I Sometimes DC-set is denoted as fϕ(x).

I The pair of functions is denoted as < fq(x), fr(x) >.

Completely, specified functions can be expressed with the same pair of func-
tions, where fr(x) = fq(x). Consequently it is not necessary to distinguish
between completely and incompletely specified function inside of a decompo-
sition procedure.

Even if we start with a completely specified function to be decomposed, an
incompletely specified function may occur as a decomposition function. It is
not necessary to distinguish between the don’t cares coming from the given
function and the don’t cares created in the decomposition process.

In the following subsection we explain the bi-decomposition of incompletely
specified functions. All required calculations can be executed using BDDs. We
describe the BDD based calculation of necessary operations of the Boolean
differential calculus and explain the formulas to check for several types of bi-
decomposition together with the formulas for calculation of the decomposition
functions. Using the same example function of the Curtis decomposition, the
benefit of the bi-decomposition approach will be demonstrated.
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25.4.2 BBD based calculation of the m-fold minimum and
m-fold maximum

Calculations in the field of bi-decomposition involve two operations of the
Boolean differential calculus:

I The minimum operator,

min
xi

f(x) = f(x1, . . . , xi, . . . , xn) ∧ f(x1, . . . , xi, . . . , xn) (25.8)

I The maximum operator

max
xi

f(x) = f(x1, . . . , xi, . . . , xn) ∨ f(x1, . . . , xi, . . . , xn) (25.9)

The names of these derivate operations reflect the following property

min
xi

f(x) ≤ f(x) ≤ max
xi

f(x).

Both the minimum and the maximum do not depend on the variable xi.
The derivate operations minimum and maximum can be calculated sequen-

tially with respect to a set of variables. We divide the variables of the function
into two disjoint sets of Boolean variables

x0 = (x1, x2, ..., xm) and x1 = (xm+1, xm+2, ..., xn)

respectively. The m-fold minimum of Equation 25.10 and the m-fold maxi-
mum of Equation 25.11 are further derivative operations of the Boolean dif-
ferential calculus

min
x
0

mf(x0, x1) = min
xm

(

. . .

(

min
x2

(

min
x1

f(x0, x1)

))

. . .

)

(25.10)

max
x
0

mf(x0, x1) = max
xm

(

. . .

(

max
x2

(

max
x1

f(x0, x1)

))

. . .

)

(25.11)

The result of both m-fold derivative operations does not depend on the sets
of variables x0.

The m-fold minimum is equal to 1 for such subspaces x1 = const where the
function f(x0, x1 = const) is equal to 1 for all patterns of the remaining vari-
ables x0. This property can be comprehended as a projection of the function
values 0 to the subspaces defined by x1 = const. The more variables in the
subset x0 the smaller is m-fold minimum,

min
(x

0
,xi)

mf(x0, xi, x1) ≤ min
x
0

m−1f(x0, xi, x1) ≤ f(x0, xi, x1).

The m-fold minimum can be calculated by the following algorithm using
BDDs.
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Algorithm for computing m-fold minimum

1. Move the variables of the subset x0 to the bottom of the BDD by
means of a sifting algorithm.

2. Remove all nodes of the subset x0 and redirect the cut edges to
the terminal node 0.

3. Apply the reduction rules in order to simplify the BDD.

Example 25.12 Figure 25.20 depicts this algorithm for Equa-
tion 25.12 with respect to variables (x3, x4). Step one is omit-
ted because the variables are already ordered as required.

f(x1, x2, x3, x4) = x1x2 ∨ x1x3 ∨ x2x3x4 (25.12)
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FIGURE 25.20

Calculation of the 2-fold minimum of a switching function f with respect to
the variables (x3, x4): BDD of the given function f(x1, x2, x3, x4) (a), BDD
of min(x3,x4)

mf(x1, x2, x3, x4) after step two of the algorithm (b), final BDD
of min(x3,x4)

mf(x1, x2, x3, x4) = x1x2 (c) (Example 25.12).

The m-fold maximum is equal to 1 for such subspaces x1 = const where
at least one function value of the function f(x0, x1 = const) is equal to 1.
In opposite of the m-fold minimum, this property can be comprehended as a
projection of the function values 1 in the subspaces defined by x1 = const.
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The more variables in the subset x0 the larger is m-fold maximum

f(x0, xi, x1) ≤ max
x
0

m−1
f(x0, xi, x1) ≤ max

(x
0
,xi)

mf(x0, xi, x1). (25.13)

The m-fold maximum can be calculated by the following algorithm using
BDDs. In comparison to the algorithm of the m-fold minimum, the new ter-
minal node of cut edges is changed to 1.

Algorithm for computing m-fold maximum

1. Move the variables of the subset x0 to the bottom of the BDD by
means of a sifting algorithm.

2. Remove all nodes of the subset x0 and redirect the cut edges to
the terminal node 1.

3. Apply the normal reduction rules in order to simplify the BDD.

Example 25.13 Figure 25.21 depicts this algorithm for the
same Equation 25.12 with respect to the variables (x3, x4). Step
one is again omitted because the variables are ordered as re-
quired, already.

Note, that:

I The minimum is a special case of the m-fold minimum and

I The maximum is a special case of the m-fold maximum.

Thus, both algorithm can be used to calculate the simple version of the
derivate operation, too.

25.4.3 OR-bi-decomposition and AND-bi-decomposition

OR-bi-decomposition. The DC-set of an incompletely specified function
< fq, fr > can be specified such that at least for one of the created completely
specified function there exist an OR-bi-decomposition with respect to the
dedicated sets xa and xb if and only if the condition given in Table 25.1 (first
line) holds.

This equation prohibits that a 1-value of the given function is covered by
the 0-projections in both the xa direction and the xb direction.

If an OR-bi-decomposition exists, several pairs of decomposition functions
can be calculated. The largest possible incompletely specified function that
covers all allowed decomposition functions fd1 = g(xa, xc) is the largest lattice
specified by equation in the second line of Table 25.1.

Assume the function g(xa, xc) is selected in a recursive bi-decomposition of
the incompletely specified decomposition function < gq, gr >. Using this func-
tion g(xa, xc) the remaining allowed decomposition functions fd2 = h(xb, xc)
are covered by incompletely specified function < hq, hr > defined by the
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TABLE 25.1

Bi-decomposition characteristics.

Characteristic Formal notation

 

OR – bi – d e c o m p o s i t i o n 

Condition of

existing
fq(xa, xb, xc) ∧ max

x
a

mfr(xa, xb, xc) ∧ max
x

b

mfr(xa, xb, xc) = 0

Largest lattice

of g-functions

gq(xa, xc) = max
x

b

m(fq(xa, xb, xc) ∧ max
x

a

mfr(xa, xb, xc))

gr(xa, xc) = max
x

b

mfr(xa, xb, xc)

Lattice of the

remaining h-

functions us-

ing g(xa, xc)

hq(xb, xc) = max
x

a

m
(

fq(xa, xb, xc) ∧ g(xa, xc)
)

hr(xb, xc) = max
x

a

mfr(xa, xb, xc)

 

AND – bi – d e c o m p o s i t i o n 

Condition of

existing
fr(xa, xb, xc) ∧ max

x
a

mfq(xa, xb, xc) ∧ max
x

b

mfq(xa, xb, xc) = 0

Largest lattice

of g-functions

gq(xa, xc) = max
x

b

mfq(xa, xb, xc)

gr(xa, xc) = max
x

b

m(fr(xa, xb, xc) ∧ max
x

a

mfq(xa, xb, xc))

Lattice of the

remaining h-

functions us-

ing g(xa, xc)

hq(xb, xc) = max
x

a

mfq(xa, xb, xc)

hr(xb, xc) = max
x

a

m (fr(xa, xb, xc) ∧ g(xa, xc))

 

EXOR – bi – d e c o m p o s i t i o n 

Derivative of

the lattice

(fq , fr) with

regarad to a

fa
q (xb, xc) = max

a
fq(a, xb, xc) ∧ max

a
fr(a, xb, xc)

fa
r (xb, xc) = min

a
fq(a, xb, xc) ∨ min

a
fr(a, xb, xc)

Condition of

existing
max
x

b

mfa
q (xb, xc) ∧ fa

r (xb, xc) = 0

Simple possi-

ble g-function
g(a, xc) = a ∧ max

x
b

mfa
q (xb, xc)

Lattice of the

remaining h-

functions us-

ing g(a, xc)

hq(xb, xc) = max
a

(

g(a, xc) ∧ fq(a, xb, xc) ∨ g(a, xc) ∧ fr(a, xb, xc)
)

hr(xb, xc) = max
a

(

g(a, xc) ∧ fr(a, xb, xc) ∨ g(a, xc) ∧ fq(a, xb, xc)
)
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FIGURE 25.21

Calculation of the 2-fold maximum of f(x1, x2, x3, x4) of Equation 25.12 with
respect to the variables (x3, x4): BDD of the given function f(x1, x2, x3, x4)
(a), BDD of max(x3,x4)

mf(x1, x2, x3, x4) after step two of the algorithm (b),
and final BDD of max(x3,x4)

mf(x1, x2, x3, x4) = x1 ∨ x2 (c) (Example 25.13).

equations in the third line of Table 25.1. The incompletely specified function
< hq, hr > can be recursively decomposed.

The AND-bi-decomposition is a dual decomposition to the OR-bi-decom-
position. The DC-set of an incompletely specified function < fq, fr > is
specified as follows: at least for one of the created completely specified function
there exist an AND-bi-decomposition with respect to the dedicated sets xa

and xb if the conditions given in the fourth line of Table 25.1 holds. This
equation prohibits that a 0-value of the given function is covered by the 1-
projections in both the xa direction and the xb direction.

If an AND-bi-decomposition exists, several pairs of decomposition functions
can be calculated. The equations in the fifth line of Table 25.1 specify an
incompletely specified function that covers all allowed decomposition functions
fd1 = g(xa, xc).

Assume the function g(xa, xc) is selected in a recursive bi-decomposition of
the incompletely specified decomposition function < gq, gr >. Using this func-
tion g(xa, xc) the remaining allowed decomposition functions fd2 = h(xb, xc)
are covered by the incompletely specified function < hq, hr >, shown in the
sixth line of Table 25.1.
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25.4.4 EXOR-Bi-Decomposition

There are algorithms that allows the check an incompletely specified function
for an EXOR-bi-decomposition with regard to any dedicated sets xa and xb.
We restrict here to the case that the dedicated set xa includes only one sin-
gle variable: xa = (a). The incompletely specified function with the mark
functions fa

q and fa
r is defined by the equations given in seventh line of Table

25.1. This lattice covers the derivatives of the incompletely specified functions
< fq, fr > with respect to the variable a.

The DC-set of an incompletely specified function < fq, fr > is defined as
follows. At least for one of the created completely specified function there
exist an EXOR-bi-decomposition with respect to the dedicated sets a and xb

if and only if the conditions given in the eighth line of Table 25.1 holds. This
equation prohibits that different values to the above introduced derivative
occur in the same subspace xc = const.

If an EXOR-bi-decomposition exists, several pairs of decomposition func-
tions can be calculated. All possible decomposition functions fd1 = g(a, xc)
cannot be expressed by a single incompletely specified function. For that rea-
son one simple completely specified function fd1 = g(a, xc) is specified by the
equation in the ninth line of Table 25.1. This equation selects the function
g(a) = a for subspaces where g(a) must depends on the variable a and for the
remaining subspaces g(a) = 0 is selected. Using the above function g(a, xc),
all allowed decomposition functions fd2 = h(xb, xc) are covered by the incom-
pletely specified function < hq, hr >, shown in the last line of Table 25.1.

In these equations an EXOR operation between g(a, xc) or g(a, xc) and all
completely specified functions covered by < fq, fr > are calculated implicitly.

Example 25.14 Consider the function from Example 25.9 al-
ready used to demonstrate the Curtis decomposition. Figure
25.16a shows the associated BDD. As result of a initial anal-
ysis a EXOR-bi-decomposition with the dedicated sets xa = x1

and xb = x2 is found. Both dedicated sets are extended in a
further detailed analysis to xa = (x1, x4) and xb = (x2, x3),
so that the remaining common set xc = x5. Starting with a
completely specified function the decomposition functions of a
EXOR-bi-decomposition are completely specified, too. Figure
25.22 shows further details of the decomposition and the syn-
thesized multilevel circuit structure.

This example emphasizes the benefit of the bi-decomposition in terms of area,
delay and power consumption as well.

25.4.5 Weak OR- and AND-bi-decomposition

Each bi-decomposition must create simpler decomposition functions. The
above strong types of bi-decomposition solve this task by reduction of the
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Phase 1

EXOR-bi-decomposition of f :

A possible pair of decomposition func-

tions is:

fd10
= g(x1, x4, x5)

= x1x4 ∨ x1x4 ∨ x1x5

fd20
= h(x2, x3, x5) = x2x3x5.

Phase 2

OR-bi-decomposition of fd10
:

An OR-bi-decomposition exist with re-

spect to the dedicated sets xa = x4

and xb = x5. The pair of the sim-

plest completely specified decomposi-

tion functions is

fd11
= g(x1, x4) = x1 ⊕ x4

fd21
= h(x1, x5) = x1x5.

The recursive decomposition is

terminated because each of these

decomposition functions depend on

two variables.

Phase 3

AND-bi-decomposition of fd20
:

Several disjoint AND-bi-decomposi-

tions exists for fd20
, in particular:

fd12
= g(x2) = x2,

fd22
= h(x3, x5) = x3x5.

The recursive decomposition is termi-

nated because each of decomposition

functions does not depend on more

than two variables
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This circuit is a result of the bi-decomposition,

and includes:

I 8 gates, and

I 4 levels.

The circuit in Figure 25.17 implements the same

function and requires

I 13 gates, and

I 7 levels.

If we also restrict to two inputs gates, that

means we split two 3-input-OR-gates each into

two 2-input-OR-gates, the Curtis decomposition

needs

I 15 gates and

I 8 levels.

The circuit in this example could be synthesized

completely using the three strong types of bi-

decomposition. Therefore, no weak bi-decom-

position was applied.

FIGURE 25.22

Circuit structure of the bi-decomposition (Example 25.14).

number of variables. In weak bi-decompositions the simplification is reached
additionally by increasing the DC-set, which extents the freedom for selection
of the next bi-decomposition. For each logic function exist at least one of
the strong types or one of the weak types of bi-decomposition. Therefore,
the multi-level synthesis can be done completely by the bi-decomposition ap-
proach.

Weak OR-bi-decomposition. The DC-set of an incompletely specified
function < fq, fr > can be specified such that at least for one of the cre-
ated completely specified function exist an weak OR-bi-decomposition with



Decomposition Using Decision Diagrams 79

TABLE 25.2

Weak bi-decomposition characteristics.

Characteristic Formal notation

 

W e a k   OR – bi – d e c o m p o s i t i o n 

Condition of

existing
fq(xa, xc) ∧ max

x
a

mfr(xa, xc) 6= 0

Largest lattice

of g-functions

gq(xa, xc) = fq(xa, xc) ∧ max
x

a

kfr(xa, xc),

gr(xa, xc) = fr(xa, xc)

Lattice of the

remaining h-

functions us-

ing g(xa, xc)

hq(xc) = max
x

a

m
(

fq(xa, xc) ∧ g(xa, xc)
)

hr(xc) = max
x

a

mfr(xa, xc)

 

W e a k   AND – bi – d e c o m p o s i t i o n 

Condition of

existing
fr(xa, xc) ∧ max

x
a

mfq(xa, xc)) 6= 0

Largest lattice

of g-functions

gq(xa, xc) = fq(xa, xc),

gr(xa, xc) = fr(xa, xc) ∧ max
x

a

mfq(xa, xc)

Lattice of the

remaining h-

functions us-

ing g(xa, xc)

hq(xc) = max
x

a

mfq(xa, xc)

hr(xc) = max
x

a

m (fr(xa, xc) ∧ g(xa, xc))

respect to the dedicated set xa if and only if conditions equation given in the
first line of Table 25.2 holds.

The DC-set of decomposition function fd1 with the mark functions gq and gr

is lager than the DC-set of the given incompletely specified function < fq, fr >

because the ON-set function gq is restricted. The largest lattice is specified
in the second line of Table 25.2.

The comparison of these equations with the associated g-equations of the
OR-bi-decomposition shows that in the case of the weak OR-bi-decomposition
the |xb|-fold maximum must be removed. Assume the function g(xa, xc) is se-
lected in a recursive bi-decomposition of the incompletely specified decomposi-
tion function < gq, gr >. Using this function g(xa, xc) the remaining allowed
decomposition functions fd2 are covered by incompletely specified function
< hq, hr >, or the lattice of the remaining h-function (the third line in Table
25.2). These equations comply with the associated h-equations of the OR-bi-
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dcomposition. The |xa|−fold maximum restricts the number of independent
variables in the decomposition function fd2.

Weak AND-bi-decomposition. The weak AND-bi-decomposition is a dual
to the weak OR-bi-decomposition. The DC-set of an incompletely specified
function, < fq, fr >, can be specified such that at least for one of the created
completely specified function there exist a weak AND-bi-decomposition with
respect to the dedicated set xa if and only if the conditions given in the fourth
line of Table 25.2 holds.

If a weak AND-bi-decomposition exists, the DC-set of decomposition func-
tion fd1 with the mark functions gq and gr called the largest lattice (the fivth
line in Table 25.2) can be lager than the DC-set of the given incompletely
specified function < fq, fr > because the OFF-set function gr is restricted.

Assume the function g(xa, xc) is selected in a recursive bi-decomposition of
the incompletely specified decomposition function < gq, gr >. Using this func-
tion g(xa, xc) the remaining allowed decomposition functions fd2 are covered
by incompletely specified function < hq, hr > (the last line in Table 25.2).
The |xa|-fold maximum restricts the number of independent variables in the
decomposition function fd2.

25.5 Further reading

Algebraic division. The algebraic division based on the representation of
the logic function. A given function f is divided by the divisor expression d

such that f = q · d + r. The expression q denotes the quotient and r is called
remainder expression. Brayton and McMullen [8] proposed a fundamental
theorem about how common algebraic divisors can be found using kernels.
On this basis several approaches to find kernel intersections was suggested,
in particular, in [8], [9]. A more general approach developed by Rudell [40]
is the rectangle covering that also find kernels. Fujita et al. [17] proposed a
factoring algorithm to apply the algebraic division recursively. Some heuristics
to improve the factoring algorithm was developed by Hachtel and Somenzi [18].
Vasudevamurthy and Rajski [60] proposed to reduce the exponential effort by
double-cube kernel extraction.

BDD based approaches for the Ashenhurst decomposition. Ashen-
hurst [1] used a decomposition chart in order to find a decomposition. Roth
and Karp [39] considered functional decomposition in contrast to the above
mentioned algebraic decomposition. Minato and DeMicheli [28] studied the
relationship between these types of decomposition. The application of BDDs
for this task was suggested by Lai et al. [24]. The decompositon of the



Decomposition Using Decision Diagrams 81

function was realized by a cut of the BDD. Generalizations of this approach
for incompletely specified functions, non-disjoint decompositions, recursive
decompositions and implementation technology oriented decompositions was
proposed by Bertacco and Damiani [2], Chang et al. [11], Matsunaga and
Fujita [26], Sasao [42], and Stanion and Sechen [49].

BDD based approaches for the bi-decomposition. A review of decom-
position methods using different function representations is given by Perkowski
and Grygiel [33]. Karplus [21] developed the concept of 1-dominator and
0-dominator which allows the direct bi-decomposition using a BDD. A gen-
eralization of this approach for EXOR-bi-decomposition was suggested by
Yang et al. [63]. The method by Sasao and Butler [43] prefers disjoint bi-
decomposition and is restricted to few variables in the common set. Stanković
[48] introduced EXOR-TDDs showed that decomposition or bi-decomposition
with respect to r variables can be obtained by building an EXOR-TDD for a
matrix-valued function of (n − r) variables.

Bi-decomposition was suggested for the first time by Böhlau [6]. Concern-
ing the distribution of the variables into three groups the term grouping was
used. Particular problems of the EXOR bi-decompositon were studied by
Steinbach and Wereszczynski [57]. The result by Dresig [16] is the reusing
of given circuit structures in the checks for bi-decompositions. Both func-
tional and structural properties are used by Steinbach and Hesse [50] in order
calculate bi-decomposition of extremely large circuits. A comprehensive rep-
resentation of the bi-decomposition approach is given by Steinbach and Lang
in [51] and by Posthoff and Steinbach in [35]. The theoretical background of
bi-decomposition is Boolean differential calculus developed, in particular, by
Bochmann and Posthoff [4], Bochmann and Steinbach [5], and Posthoff and
Steinbach [35].

Completeness of the bi-decomposition approach. Posthoff and Stein-
bach [35], and Steinbach and Lang [51] showed that an arbitrary switching
function can be decomposed completely using the five bi-decomposition types:
OR-bi-decomposition, AND-bi-decomposition, EXOR-bi-decomposition, weak
OR-bi-decomposition, and weak AND-bi-decomposition. This proof based on
the previous result by Steinbach and Le [53] of weak bi-decompositions and
on cognitions, that in the case that no weak OR-bi-decomposition and no
weak AND-bi-decomposition exists the function can be decomposed by an
EXOR-bi-decomposition.

Testability of multi-level combinational circuits. The testability is
property of the structure of a multi-level combinational circuit. The bi-
decomposition approach allows different decomposition structures. Some of
them are not completely testable. Circuit structures, designed by means of
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the decomposition formulas of this chapter are 100% testable regarding all
stuck-at fault on all inputs, all outputs, all internal gate-inputs and all in-
ternal gate-outputs. It was shown by Steinbach and Stöckert [56] that the
test pattern can be calculated easily during the synthesis process. Selected
intermediate synthesis results must be accumulated so that the test pattern
generation increases the time for synthesis approximately by 10%, only. Stein-
bach and Zhang [58] generalized this approach for large circuit having a global
block structure.

Selection of the variable for the bi-decomposition. Steinbach et al.
[55], [51] developed an algorithm for an optimal selection of dedicated sets of
variables of the bi-decomposition. These algorithms lead to balanced circuit
structures of a small depth. Yamashita et al. [61] suggested a search tree
approach for this task.

Experimental results of the bi-decomposition approach. Mishchenko
et al. [30] reported experimental results on bi-decomposition. The imple-
mented program BI-DECOMP based on the BDD package CUDD by Somenzi
[47] and outperforms both SIS by Sentovich et. al. [46], and BDS by Yang
and Ciesielski [63] in terms of delay. In case of EXOR-intensive circuits the
program BI-DECOMP outperforms both SIS and BDS in terms of area, too.

Decomposition of multivalued logic functions. Muzio and Miller [31]
generalize the decomposition of Boolean functions to the case of ternary
switching functions. Three years later the same authors [27] suggested the
two-place decomposition where a many-valued function is reexpressed as a
composition of three functions, two of which have at most two arguments.
Tokmen [59] studied the case of disjoint decompositions. Sasao [41] used an
OR-AND-OR PLA structure for Boolean functions where subsets of Boolean
variables are regarded as multiple-valued variable. Reischer and Simovici
[38] suggested a more general approach for decomposition of multiple-valued
functions and relational databases.  Luba [25] and Selvaraj et al. [44] ap-
plied set covering algorithm for the decomposition of multiple-valued func-
tions. Perkowski et al. [34] reported an approach to Curtis like decomposi-
tion of multiple-valued functions using a generalized graph coloring method.
Steinbach et al. [54] applied the method of successive value removal to the
bi-decomposition of multiple-valued functions. Lang and Steinbach [51] sug-
gested a more powerfully approach for bi-decomposition of multiple-valued
functions which uses for fast calculations binary-encoded multiple-valued de-
cision diagrams (BEMDD) suggested by Mishchenko et al. [29]. This ap-
proach was generalized by Steinbach and Lang [52], using the MIN-MAX
multi-decomposition additionally, each multiple-valued function can be ex-
pressed by a multilevel circuit of MIN- and MAX-gates.
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Information-theory approach in decomposition. Hartmanis and Stearns
[19] developed theory of partitions and proposed measures of information re-
lationship in decomposition. These relationships and measures were used
Jóźwiak [20] and Rawski et al. [37] in further study of input support mini-
mization, parallel decomposition and serial functional decompositions. Using
Shannon information-theory approach in decomposition is discussed in Chap-
ters 8 and 24.

Flexibility in decomposition. A flexibility in decomposition can be defined
as conditions for replacing a function by an in alternative function. Details
of using a flexibility in logic design can be found in paper by Sentovich [45].
Yamashita et al. [62] developed method called sets of pairs of functions to
be distinguished (SPFD) to to represent a flexibility in network optimization.
Cheushev et al. [12] used information-theory approach in flexible network
synthesis. Relationship of SPDF and Shannon information-theory approach
is discussed in Chapter 8.

Spectral approach in decomposition. In spectral interpretation of deci-
sion diagrams, the use of different decomposition rules is equivalently the use
of different spectral transforms (see details in Chapters 7 and 13).
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