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This paper addresses the interconnect problem for the representation of logic networks in spatial

dimensions.

Interest in spatial interconnects is motivated by the advent of nanotechnologies

and by consequent attempts to evaluate and explore the appropriate nanoscale architectures. It
have been shown in our previous study that a 3D logic network with target topology can be
designed by replacing each elementary logic block in a network by its 3D model. In this paper,
we study the problem of the partitioning of these 3D blocks with respect to the constraints of
logic function interconnects and hypercube-like topology. We found that decomposition techniques
provide flexibility in choosing switching functions for assembling the decomposed sub-networks.

PACS numbers: Valid PACS appear here

. INTR ODUCTION

The results preseried in this paper address the
interconnect problem of a 3D computing network design.
Interconnectsare critical for upcoming nanotednologies,
in particular, molecular electronics*, single-electron
devices!” , and reversible networks®1? | since their high
integration may require partition into smaller blocks
that a ect the complexity of interconnect. It has been
justied in a number of papers that 3D topologies
of computer elemeris are optimal, physically realistic
models for scalable computers'>'?2,  For example, in
somemolecular technologies,a 3D relationship between
moleculesis required, in order to achieve the desired
functional logical properties’>. Nanoelectronic devices
that are expected to be 3D3>* have motivated e orts
to seard for new partitioning and decomposition
techniques.

The design and implemertation of nanodevices is
radically dierent from current technologies. For
example, one of the possible approaches to the design
of molecular devicesis as follows®. First, a network
topology is specied corresponding to a particular
switching function. The electronic structure of the
network is described within the topological theory. The
active network orbitals are decompsed into atomic
orbitals. Their interconnection is described by resonance
integrals. The sequenceof atomic orbitals and the
connections between them are designed to represen
wires, network nodesand diodes. Second,the electronic
properties of the designednetwork are calculated. The
nal stepis to translate the obtained network model into
a molecular chemical structure.

The characteristics of nanoscale devices include,

in particular, unreliable device performance, transfer
function, interconnect limitations (the inability to
provide global interconnections), thermal power

generation, and regularity of layout. Nanoscaledevices
needto be interconnectedlocally and patterned into 2D
or 3D arrays of cells of various topologies. The quantum

cellular automata architecture (QCA) is a typical
example of a regular and locally interconnected array
of cells interacting with its neighbors, but there are no
wiresin the signal paths. In locally connectedstructures,
the range of interaction and the connection complexity
of eat cell are independent of the number of cells.
Therefore, these structure are scalable and massiely
parallel. Acceptable characteristics of reliability and
robustnesscan be achieved by using special techniques.
An exampleis a 2D cellular nonlinear networks (CNN)

which is an array of neuron-like cells®4. A cellular
network can be mapped into a 3D topology*®.

Apart from the traditional gate-lewel represenation
mappedinto the transistor-levelimplementation, another
computational structures, Decision Diagrams (DDs) has
found its implementation at nanoscale. An example
is a solid-state hexagonal nanowire network controlled
by Schottky wrap gates’. This network is composed
of gates demultiplexing an entry into two branches
implemented using the designated technology called
PADO X. Functionally, this network is a direct mapping
of a DD into a nanowire network.

In this paper, we study the problem of interconnects
in a 3D implementation of a given logic function. In our
approad, an interconnect is consideredas a connecting
medium betweenelemerary 3D logic componerts, called
N -hypercubes. The interconnect is implemenrted as
a special node in the N-hypercube. The purpose
of the interconnect node is to assenble N -hypercubes
while acdhieving the logical and topological designed
characteristics of the 3D network. The inversetask to
assenbly is partitioning of the logic network given an
interconnectfunction. Decomposition techniquesprovide
a systematic approadc to solving this problem.



The problem is formulated as follows: given a multi-
input gate or a small combinational network, nd its 3D
partitioning given the topology (N -hypercube) and the
interconnect function. To solve this problem, we chose
the decomposition with respect to interconnect function,
apply this decomposition to the small network, and then
map the decompsed sub-networks into a 3D structure.
This mapping of a 2D into a 3D structure presenes
the type of interconnect. However, the characteristics
of optimality of the decomposed sub-functions in 2D
are not necessarytransferred, in general, into their 3D
represenation. That is, the e ect of 2D decomposition
may not be presert in 3D.

Our interest in decomposition techniquesis motivated
by the fact that it o ers a choiceof interconnectfunctions
between decomposed subparts. We have no great
interest in the problems of optimalit y of 3D decomposed
structure. The reasonfor this is that the e ects of non-
optimality are relatively small for the decomposition of
small functions (elemenary logic networks). To the best
of our knowledge, the presert work is the rst attempt
to apply decomposition techniquesto 3D hypercube-like
structures.

We refer to the previously reported results as follows.
Lattice decision trees and DDs'® are the result of
embedding decision trees and DDs into a lattice
topology. A 3D decomposition can be described using
a coordinate represenations of switching functions?’.
Another 3D structure, the fat-pyramid®®, provides
an opportunity for manipulation of the topological
properties of multiterminal decision trees and DDs.
Mapping of DDs into the single-electron logic devices
hasbeenreported in®. The H-tree con guration of these
deviceshas beenrecertly announced®. The topological
properties of hypercubes are well studied®®, including a
3D DD-based logic design methods?!.

In our previousstudy, the N -hypercube hasbeenfound
an appropriate topology to meet the requiremens of
spatial nanostructuresin 3D logic network design'>2423 |
A 3D logic network is dened as an arbitrary 3D
topological structure where the computing elemens are
connected N -hypercubes. In N -hypercube design, we
usedthe embedding technique in spatial dimensiong%24,
An N -hypercube is de ned as an elemerary node of a
3D network. This paper studiesthe interconnectproblem
of 3D logic network desigr?®; in particular, examples
on choosing interconnect functions using various
decomposition techniques has been added. Interconnect
functions that are provided by various decomposition
methods are introduced in Table I, namely, Shannon
(S), Davio positive (pD) and Davio negative (nD),
Ashenhurst Curtis, and class of methods called bi-
decomposition. Interconnect functions are characterized
by the criteria of (a) splitability, the ability to decompse
the function with respect to a single variable or a
set of variables, (b) dependane on the function to be
decomposad, and (c) the type of interconnect function.
It can be obsened from Table | that the interconnect

function and decomposition strategy are mutually
dependert factors. The results of decomposition in 3D
are unknown, except some particular case$®'’. Bi-
decomposition methods are most attractiv e becausethey
enable the manipulation of interconnect functions and
setsof variables’®30 . Interconnect exibilit y is e cien tly
utilized in DD techniques®313% . The information
relationship measures can be used in functional
decomposition®®.  Also techniques for balancing the
interconnect topology for arrays of computing elemeris
with respect to the cost and power are proved usefuf’.

This paper cortributes to the problem of interconnects
in computing structure design for predictable
nanotechnologiesas follows:

(a) Based on one of the current paradigms, namely,
that the computing nanostructure is designed from a
set of logical primitiv es, we revise the contemporary
interconnecttechniquestoward nanocomputer structures
design.

(b) We emphasizethat the interconnect function and
the partitioning (decomposition) of computing structures
have a strong relationship, except for some particular
cases. This factor in uences the choice of approadces
to partitioning given an interconnect function, and vice
versa asuitable interconnectfunction canbe chosenwith
respect to the type of partitioning.

(c) The 3D interconnect problem is studied. In
contemporary techniques, the third dimension is
understood aslayered 2D structures. An interconnection
exist between layers. In nanocomputer structure,
3D computing topology is the result of delegation of
computing properties of the 2D structure to the 3D
structure. For this, embedding of a 2D data structure
into 3D structure is used. Interconnection into a 3D
structure is a spatial characteristic.

The results are introduced as follows. In Section I,
we give someremarks on terminology in order to make
this paper readable for specialists from various areas
of nanotechnology and theoretical nanoscience. Our
vision of the spatial interconnect problem for predictable
nanotecnologies is introduced in Section Ill.  The
simplestapproad to the interconnectproblem is givenin
SectionlV. In SectionV, we analyzevarious interconnect
solutions based on state-of-the-art of decomposition
techniques. Some aspects of assenbly are discussedin
Section VI. Finally, in Section VII, we consider seeral
tools that can assist in the study of the interconnect
problem.

Il. TERMINOLOGY

We usethe terminology of the contemporary designof
computing structures.



TABLE I: Taxonomy of the interconnect based on decomposition technique

Decomposition

strategy

Criterion Shannon| Davio pD, |Ashenhurst |Curtis| OR|AND [EXOR | Weak | Weak | Weak
Davio nD -bi| -bi -bi OR |AND |[EXOR

-bi -bi -bi

Splitability One One Set Set Set | Set Set Set Set Set

Dependance on

the function to No No v v v v v v v No
be decomposed
'"tert;‘;r;”ed MUX AND AND AND | OR| AND | EXOR | OR | AND | EXOR
EXOR OR OR
NOT

1. Data structure

Data structure represenation is the starting point
for logic design. In this paper, we use switching
functions (algebraic represenations), networks of logic
elemens, and decision trees and decision diagrams
(graphical represernation). Decision trees and decision
diagramsare graphical data structures for logic functions.
Manipulation of decisiontables or algebraic expressions
is replaced by manipulation of graphical componerts.

2. Interconnect and decomposition

An arbitrary data structure can be decompose,
that is, it can be represerted by a set of smaller
substructures. For decomposition, we use terminology
of the contemporary circuit design. The decomposed
set of separate computing \pieces" must be compose,
or assembld, to achieve the desired functions. The
assenbly is related to the interconnect problem. The
interconnect function cannot be chosen arbitrarily; it
dependson the type of decomposition.

3. Spatial topology

An embedding of a guestgraph, G, into a host graph,
H, is a one-to-one mapping ¢ : V(G) ! V(H) along
with a mapping, «, that mapsevery edge,(u,v) 2 E(G),
to some path between ¢(u) and ¢(v) in H. The guest
structure in our problem is atechnolayy-independent data
structure with the ability to manipulate logic functions.
This data structure is decision trees and DDs. The
host topology is technolagy-degndent Using embedding,
the computing properties of decision trees and DDs
are delegatedto a nanostructure. Given a guest data
structure (e.g., a decision tree or DD), the embedding
problem consistsin the determination of an appropriate

host topology for e ectiv e 3D represenation of the guest
data structure in space. The topological compatibility
of a guest computing structure and a host topological
structure is the ability of the guest structure to be
embedded into the host one with respect to certain
criteria.  For instance, decision trees exhibit strong
topological compatibility with meshes, pyramids, and
hypercubes.

For details on computing structure topologies,we refer
the reader to the certain books on the contemporary
design of computing structures?1?238  and embedding
techniques’®*3

I1l.  INTER CONNECTS |IN THE 3D
REPRESENT ATION OF LOGIC NETW ORKS

A. The interconnect problem at nanoscale

Superconductive solid-state and molecular electronics
focuseson the dewvelopmert of electronic devices using
small particles and molecules with feature sizes on
the order of a few nanometers. The ultimate goal
of miniaturization is to use the minimum amount
of atoms per electronic function. A contemporary
computer utilizes  10'° silicon-baseddevices, whereas
the scalingfactor gainedfrom molecular-scaletechnology

107 devices in a single beaker using routine
chemical syntheses. An additional driving factor
is the potential to utilize thermodynamically driven
directed self-asserbly of componerts such as chemically
synthesizedinterconnects, active devices,and circuits.

In order to take advantage of the ultra-small size of
molecules,one ideally needsan interconnect technology
that: (a) scalesfrom the molecular dimensions;(b) can
be structured to permit the formation of the molecular
equivalent of large-scalediverse modular logic blocks as
found in VLSI interconnect architectures; and (c) can be
selectively connected to mesoscopically (100 nm scale)
de ned input/output (I/O).



Seweral typesof room temperature-operable molecular
switches have been synthesized and demonstrated*.
The functional molecular switches can be reversibly
switched from an OFF state to an ON state, and/or
the reverse, based on stimuli such as voltage pulses.
Crossbar architecture for connecting molecular switches
in a grid is attractiv e in realizing nanoscale circuits,
such as memories, logic, and interconnect. Electrically
addressablemolecular switches are sandwiched between
the wires. They are set or reset by electrochemical

reduction and oxidation of the sandwiched molecules.

Summarizing,

(a) In sometechnologies,for example, QCAs31445  the
interconnect is absent as sud, since the signal is
propagated by meansof the interactibilit y of cells.

(b) In other technologies,connectionsthemselves(switch
at nanowires) represen the computing instances.
For example, in coherent quantum computing,
interconnectsare implemented using wavefunctions
coupling.

(¢) In somemolecular technologiesthe length of wire is
restricted due to the low gain of the signal.

1. Interconnects and physical constraints

Nanoscale devices must obey the fundamental
constraints that the laws of physics impose on the
manipulation of information. Somephysical constraints,
such as the fact that the speed at which information
can travel optically through free spaceis upperbounded
by a constart (the speed of light, 299 792 458 m/s),
are still presert in nanodimensions. The electrical
transmission of signals along wires is slower than light,
sothe current propagation delays along dissipative wires
are signi cant. The time of transmissionis proportional
to the square of the distance, unless the signals are
periodically regeneratedby additional bu ering logic.

2. Interconnect in various technologies

Single-moleculeSETSs operating at room temperature
have been demonstrated experimertally 6.  The main
problem is to synthesize moleculesthat would combine
suitable device characteristics with the ability to self-
assenble, with high yield, on gaps of a few nm between
prefabricated nanowires. The general idea of such
CMOS/nanowire/MOLecular (CMOL) hybrid circuits is
to combine the advantages of single-electrondevices,on
one side, with room temperature molecule scalability.

A three-terminal version of an inorganic molecule
device has been dewveloped®**. A three-terminal CMOL
deviceis a simple combination of the SET and the trap,
working together as a latching switch.

DD can be mapped into a hexagonal nanowire
network cortrolled by Sdottky wrap gates®’. A T-
gate demultiplexing an entry into two branches can
be implemented using the technology called PADO X5,
Both implementation and modeling aspects have been
intensively studied®’1°,

3. Criteria of the interconnect

An interconnect is consideredwith respect to various
criteria, for example, number of switches, signal delays,
total length, power dissipation, and cost'?824  The
traditional understanding of the interconnect as a wire
in a voltage-cortrolled network doesnot work for certain
nanotechnologies, especially for those where the carrier
of charge (for example, single electron) is considered
as a messengerthat travels through the network of
nanowires via multiplexing of the branches, or a signal
propagated by the intractabilit y of cells. In suc a
network, cortrol signals (input variables) are separated
from the messengersignal (function), and the problem
of interconnection becomesthe problem of compatibilit y
of inputs and outputs. Below we consider switches
on multiplexers as the most suitable candidates for
interconnect nodes.

4. Interconnects and instability at nanometer scales

The vulnerabilit y of nanocircuits to defectsand faults
arising from instabilit y and noise-pronenesst nanometer
scale§*’ leadsto unreliable and undesirable results of
computation. Robustnessto errors is an important
design consideration for nanocomputers in the light of
the noise and instabilities that aect the reliability of
nanometer-scaledevices.

Stochastic computing achieves fault tolerance by
employing statistical models,in which deterministic logic
signals are replaced with random variables. In this
model, a correct output signals are calculated with
some probability. When a noise is accommalated, the
switching function is replaced with a random function.
The applications of various models for increasing the
reliabilit y of computing require a small circuits or simple
logic elemernts. Hence,e cien t decomposition, assenbly,
and interconnects are critical for the implemenrtation of
stochastic models of computing.

B. Spatial interconnect decomp osition

1. Classication

In addition to Table I, Fig. 1 shows various
interconnect functions and related decomposition
strategies. Two groups of decomposition methods are
distinguished by the splitting strategy: a splitting



variable or a set of variables. It follows from this
systematization, that the interconnect function can be
chosenfrom a typical library of logic gates. The simplest
interconnect function can be implemented on switches
or multiplexers. In our approac, a 3D decomposition
is de ned for small logic networks as the embedding of
the decomposedfunctions into N -hypercubes connected
given an interconnect function.

Techniques based on the
splitting variable 4"

)

| Switches ‘ EXOR J Interconnect
‘ r» problem
| | f

| | |

‘ Swi t ches Swi t ches }J ‘ OR, AND, EXOR Interconnect

‘ problem
Undisjoint ‘ Undisjoint ‘ P
| ki

4‘ Disjoint ‘
Techniques based on the set
¢ of splitting variables

Disjoint

‘

FIG. 1: The interconnect problem using state-of-the-art
decomposition techniques.

2. Embedding

The proposed 3D paradigm is based on embedding
techniques. Spatial embedding is the delegation of
computing properties from a 2D data structure to the 3D
topology. Topological structures in 3D are technology-
dependert. Hence,the problem is formulated as follows:
choose an appropriate 2D guest structure given a host
topology.

The H-tree also known asthe H-fractal tree*®. There
are sewral con gurations related to the H-treel?4,
In particular, an H-fractal is a Peano curve and a
Mandelbrot tree. H-tree structure is used in phased-
array radar antennae since they have many radiating
elemerts of di erent sizestogether with long wire padked
into a small volume. The at, thick-stemmedH-tree and
the ratio betweenthe stem and the branches, width of
the stem and the branches are important geometrical
parametersin radiation. A complete binary tree of n =
2% 1 verticesrequires Area = Width  Height = O(n)
O(lgn) = O(nlgn) (Fig. 2a). The number of wires is
halved from one level to the next, but the length of the
wires is doubled. Hence, the amount of wire dewoted
ead level of the tree is the same. The recurrence that
describes the area required is A(n) = 2A(b%c) + 5,
An) = 1forn =1, n =2 1,and k > 1. The
recurrencethat describeﬁth_e arearequired by by H-tree
is A(n) = 4A(bYc)+ 4 T+ 1, A(n) = 1forn = 1,
n=2 4% landk 1. The solution of this recurrence
is O(" n), that is, lessthat the areaof a complete binary

tree. The interconnectin a 2D H-tree can be described
by the parametern = d; 1/d; (Fig. 2b).

ds

do

(a) (0)

FIG. 2: The complete binary tree (a) and corresponding H-
tree (b)

3D H-tree is topologically isomorphic to a binary
tree. The 3D H-tree topology is constructed recursively
from 2D elemenary H-clusters as shown in Fig. 2.
An H-tree embedded into a hypercube is called an N -
hypercube topology??. A topological structure structure
becomesa computing network if the properties of data
structures for the represenation of switching functions
are delegated, where decision trees and DDs (guest
topologies) are embedded into spatial dimensions (host
topologiesf{?3 . Hypercube-like topology is considered
to be a host topology.

3. Interconnect of N -hypercubes

The N -hypercube consists of terminal nodes,
intermediate nodesand a root node. The nodes of the
N -hypercube are connectedaccordingly to the following
rules:

Rule 1: A terminal node can be connected with one
intermediate node only,

Rule 2: The root node can be connected with two
intermediate nodes located symmetrically in opposite
faces,and

Rule 3: Con gurations of the terminal and intermediate
nodeson opposite facesare symmetrical, thesetwo faces
are connectedvia the root node.

An example is given in Fig. 3, where the root node
of a tree mapped into the internal node as well as a
terminal node are represenied by the terminal nodes of
a one dimensional N -hypercube.

A node in the binary tree realizes the Shannon
decomposition f = T fo _ xj f1, where fo = f(x; = 0),
and f1 = f(x; = 1), for all variablesin f. Consequetly,
the embedding conditions can be formulated as follows:
eadh node realizes a Shannon expansion, the nodes
are distributed over levels, eat level, except level 0,
corresponds to a variable z;j, eat path from the root
node to the terminal nodes corresponds to a minterm
in sum-of-product represenation, determined as the
product of labels at the edges,and a terminal node is
labelled with 1 if the path from the root node to the
terminal node (minterm) is equalto 1. Note, that since



(c)

FIG. 3: Embedding of a decision tree of a single node into a N -hypercube (a), decision tree of three nodes into an N -hypercube

(b), and a decision tree of seven nodes (c) into an N -hypercube

the variables appear in a xed order, such a tree is an
ordered binary tree.

C. Embedding a computing network into a 3D

structure

Embedding meansbuilding a guestdata structure into
an appropriate host structure. Given a computational
structure, such as a binary tree, its embedding into
a 3D implemertation means delegating the computing
properties of the binary tree to the physical structure.
The physical structures are o ered by technology. In
this paper, we consider one of possible 3D structures,
called the N -hypercube!®>?{23 (Fig. 4a). Note that
the topology of N -hypercube is isomorphic to an H-
tree'?4.  An interconnect function is dened as a
switching function for connectingtwo N -hypercubes.

Connection with
“"""another N-hypercube

Interconnect ’\

function

Terminal node

_—l 1 Root node
uh‘ face node
101

(a) (b)

FIG. 4: (a) An N -hypercube is an elementary 3D computing
element of a 3D logic network. Using the technique of
embedding, the computing properties of decision tree (b) are
delegated to the N -hypercube.

1. Complexity of emkedding

An approach basedon embedding a binary tree into
N -hypercube is of exponertial complexity. Given a
switching function of n variables, its complete binary
tree and the corresponding H-tree, are characterized
by a complexity of O(2"). Hence, it is impossible to
embed large switching functions into an N -hypercube.
For example, typical circuits in contemporary designare
described by switching functions of seweral hundreds of

variables. Hence, another approac is required to solve
this problem.

2. Complexity of assembly

An alternative approach consists in extending the
classical techniqgue of multi-level network design by
represering ead gate by its N -hypercube equivalert. A
targeted 3D topology can be obtained after assenbling
the N -hypercubes represerting logic gates. Given a
network tree of two-input gates g, the network is an
incomplete binary tree with g nodes. Hence,embedding
in 3D assumes composing of a network of g N-
hypercubes,and the complexity of the proposedapproac
dependson the number of gates, O(g).

A 3D N-hypercube is the smallest topological
structure in a 3D logic network and represen a switching
function of three variables (Fig. 4a). Particular cases
of an N -hypercube represernt functions of two and one
variables. Functions of four and more variables can
be represered by the connection of sewral 3D N -
hypercubes.

IV.  MUX-BASED INTER CONNECTION
DECOMPOSITION

AND

A. Library of interconnect logic elemen ts for
spatial decomp osition

Interconnect functions are implemented as special
nodes in a 3D network. These nodes and connected
N -hypercubes can be placed through design in 3D
spaceto achieve the targeted topological characteristics.
Interconnect functions must be simple and must also be
implemented by switches. In our approad, we used a
library of MUX-based implementations (Fig. 5). For
example,an AND gate can be represenied by the MUX
f =0 s _1I, s = xzx;. This model is a good
candidate for implementation using molecular switches
{ single-electron logic devices, composed of nanowires
and wrap-gates cortrolled by a voltage signal**°. The
library of interconnect elemerts is givenin Fig. 5 canbe
extended to implement three and/or more input gates.
These models correspond to decision trees of the gates,
and can be implemented by an N -hypercube.



Library of l ogi ¢ gates
X1 f X; f X1 f X f
X2 X2 X2
MUX- based model of gates
; f () f
N )N A, N
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FIG. 5: The library of interconnect elements for spatial 3D logic network design includes AND, OR, EXOR, and NOT switching
functions. These functions can be implemented by switches using a multiplexer configuration.

B. MUX-based interconnect

1. Interconnect functions

The simplest interconnect logic function is the
Shannon expansion, denoted by S. Davio expansion
is used in the form of the positive pD expansion f =
fo i f2, and negative Davio nD expansionf = f1 T f2,
where fO = in=Oi .fl = inzli and f2 = inZO fxi:1-
Both Shannon and Davio expansionscan be used in
designing 3D networks as interconnect functions. For
example, the switching function f = 17, T3 is
represerted by a tree with v e active terminal nodes
(the value 1) (Fig. 4b). A node in the tree implemens
the S decomposition f = T fo _ zifi, where f
flzi = 0), and f1 = f(zi = 1), for all variables in
f. This tree is embedded into an N -hypercube (Fig.
4a), where the nodes implement Shannon expansion.
Two N -hypercubescan be connectedusing the Shannon
expansion. Note that the node function in an N -
hypercube correspondsto the chosenswitching function
represenation, that is, Shannon, Davio, arithmetic,
Walsh, etc.??.

2. Decomposition

Let an initial data structure be given by a DD. The
problem of spatial decomposition can be formulated in
terms of Shannondecomposition as follows: given a DD,
nd adecomposition in the spatial dimensionbasedon an
N -hypercube represenation. The algorithm for spatial
functional decomposition is as follows:

for the MUX-based interconnect
functional decomp osition

The algorithm using

spatial
Step 1: Construct DD
Step 2: Extend to an incomplete decision tree

Step 3: Apply the MUX-based decomposition to the
decision tree

Step 4: Embed the obtained decision tree into
N -hypercubes

Note that beforeembedding, the DD must be extended
to an incomplete decision tree with respect to the
embedding requiremerts (step 2). This algorithm is
illustrated in Fig. 6. A decomposition with respect to
the variable x; is applied to the root node of the DD
that represerts a switching function f. The decompsed
DDs are embedded into N -hypercubes. Note that the
DDs needsometopological correctionsbeforeembedding.
The interconnect is the S expansionimplemented by a
multiplexer.



Shannon decomposition using DD data str uctur e

FIG. 6: Solution of the spatial interconnect problem using
Shannon expansion. An intial DD is decomposed into the DDs
of the functions fg1(z2,23) = zaxs and fa2(z2,23) =22 23
using multiplexing.

V. SPATIAL
SPLITTING

INTER CONNECT BASED ON
SETS OF VARIABLES

The functional decomposition of a switching function
f(X) is expressedas f(X) = [f(f1(X1),..., fk(Xk)),
where  f1(X31), . fk(Xyx) are k independen
decomposition functions, Fy(X) = f f1(X1), ..., fk(Xk)g
and f(Fy(X)) is a single composition function.

There are various strategies for the partition of
variablesx; ...z, into sets Xy, ..., Xx. Thesestrategies
address dierent local characteristics (properties of
decomposed functions) and glokal characteristics
(relationships between decomposed functions).  For
example, the number of levels in a network can be
reduced using the balancedstrategy of decomposition®°.

interconnect of Ashenh urst

decomp osition

A. Spatial

In a disjoint Ashenhurst decomposition®! (Table 11),
the decomposition function dependson the bound subset
X1 X of variables. The remaining free subset
of variables Xo = XnX; does not overlap with the
bound set: f(X) = f(X1,Xo0) = f(f1(X1),Xo). The
simplest functions f1(X1) and f(f1, Xo) are used, if the
number of variables in both subsetsis approximately
equal. The decomposition is undisjoint if common
variables are allowed in the bound set X; and the
free set Xp. In undisjoint decomposition, the more

variables are commonly used in both sets of variables,
the lessis the benet of the decomposition. The more
variablescommonly usedin both setsthe more undisjoint
decomposition exists. The result of the Ashenhurst
decomposition is a set of a single-output logic blocks
(functions). A spatial Ashenhurst decomgposition is
de ned as a spatial network of embedded decision trees
or DDs into a hypercube-like structure.

Algorithm  for the spatial interconnect based on the
Ashenh urst decomp osition of switc hing function

Step 1: Construct DD
Step 2: Apply Ashenhurst decomposition
Step 3: Embed DDs into N -hypercubes

Step 4: Use Ashenhurst interconnect operation set to
joint N -hypercubes

In general, a free and bound set of variables can be
chosen arbitrarily . However, the optimal relationship
between these sets is based on the so-called balanod
distribution of variables. At the rst step of an
algorithm, at least 2 variables are included in the
bound set. Sincethe Ashenhurst decomposition depends
on the function to be decomposed, for eac pair of
variables the Ashenhurst decomposition is applied. The
obtained solution is improved at the next step by
adding a new variable in a bound set and applying
the decomposition rule. The result of this iterative
processis a set of decompsedfunctions. Control of the
Ashenhurst decomposition is accomplishedby selection
of the appropriate variablesin a bound set.

The Ashenhurst decomposition can be applied to
a DD-based data structure. A disjoint Ashenhurst
decomposition exists for a given function if a single
node of its DD occurs in one level of the DD with
complemeried edges. Fig. 7 (b) shows such a DD.
Three upper nodes specify the free set. The single node
is the root node of the decomposition function f;. Fig. 7
illustrates the disjoint Ashenhurst decomposition using a
logic network and a DD. The variable order of the bound
setand the freesetare X; = fx1, 20 and Xg = fa3, 249
respectively.

B. Spatial interconnect based on Curtis

decomp osition

A slightly modied decomposition was suggested
by Curtis® (Table Il).  To restrict the number
of commonly used variables, sewral decomposition
functions have been proposed. These functions
depend on the same set of variables, X;: f(X) =
[(X1, Xo0) = f(f1(X1), .., fu(X1), Xo). In the disjoint
Curtis decomposition, the condition of the existence of
the disjoint subsets of variables must be held. If the
free and the bound set of variables overlap, the Curtis
decomposition is speci ed as undisjoint. The result of



FIG. 7: A logic network (a) and DD (b) which implement
the function f = ZT1Texs _ x1T2w4 _x1Toxs _ Tix2xs; the
DD of f with complemented edges (free set on top), DDs of
the disjoint Ashenhurst decomposition function g(z1, z2) and
composition functions f = f(g,zs,z4) (bound set on top);
the decomposition and composition functions fg, (z1,22) =
g = x1z2 _ T1%2, and  f(g,z3,z4) = gza _ gxs (c); spatial
representation of DD (d) and spatial decomposition (c).

the Curtis decomposition is a set of multiple-output logic
blocks (functions).

Spatial Curtis decomposition is de ned as a spatial
network of decision trees or DDs embedded into a
hypercube-like structure.

Algorithm
Curtis

for the spatial interconnect based on the
decomp osition of switc hing function

Step 1: Construct DD
Step 2: Apply Curtis decomposition
Step 3: Embed DDs into N -hypercubes

Step 4: Use Curtis interconnect operation set to
joint N -hypercubes

Assume that there are k decomposition functions
fi(X1),1= 1,2,...,k, in adisjoint Curtis decomposition.
These decomposition functions can select at most 2
dierent composition functions f¢ (Xo). The e ect of
decomposition can be achieved if the number of variables
in the bound setis larger than k.

C. Spatial interconnect based on bi-decomp osition

1. Interconnect functions

Bi-decomposition?”2° provides exibilit y in choosing
OR, AND, and EXOR interconnect functions in
3D network design (Table II). The advantage is
that bi-decomposition reducesthe number of required
interconnections signi cantly. The disadvantage is that
bi-decomposition requires more complicated analysis
comparedto Shannonand Davio expansions.

It follows from our analysis that bi-decomposition
meets various requiremerts of the contemporary circuit
design such as reducibility, exibilit y, and compliance
with DDs (Table 1)272%53 | The most important features
of bi-decomposition in comparison with other methods
are givenin Table Il

2. Decomposition

Let the set of variables X be divided into three
disjoint subsets X,, Xp, and X.. A bi-decomposition
of a function f(Xa, Xp, Xc) with respect to the
composition function f(f1, f2), and the dedicated
sets X, and X, form a pair of decomposition
functions hf; = g(Xa, X¢), f2 = h(Xp, Xc)i, sud that
f(Xa, Xp, X¢) = f(9(Xa, X¢), M(Xp, X¢)). If the common
set X, is empty, then the bi-decomposition is called
disjoint. The composition function f(f1, f2) determines
the output function OR, AND, or EXOR. The assciated
decompositions are called OR-bi-, AN D-bi-, and EXOR-
bi-decomposition, respectively.  Karplus®* introduced
the concept of 1-dominator and O-dominator to nd
the disjoint OR-bi-decomposition or disjoint AND-bi-
decomposition.  Bi-decomposition results in the two
decision trees or DDs. Spatial bi-decomposition is
de ned as a spatial network of decision trees or DDs
and the composition gate embedded into a hypercube-
like structure.

The algorithm for the spatial bi-decomposition of a
switching function is given below:

Algorithm  for the (AND,OR,EX
in terconnect

OR)-based
using bi-decomp osition
Step 1: Construct DD

Step 2: Apply bi-decomposition

Step 3: Embed DDs into N -hypercubes

Step 4: Use bi-operation interconnect set to joint
N -hypercubes

The implemertation of the Karplus decomposition®*
on a DD is illustrated in Fig. 8. For the
sake of the completeness of the bi-decomposition
approad, a weak bi-decomposition is used: f(Xa,, X¢) =
f(g(Xa, X¢), h(Xc)). The dierence between the bi-
decomposition and the weak bi-decomposition is as



OR-interconnect of the decomposed DD

f= X1 X2V X3x4

(a)

AND-interconnect of the decomposed DD

f= aUx) CxeUxa

FIG. 8 A spatial OR-bi-decomposition and AND-bi-
decomposition based on the Karplus approach: a DD, in
which 0-dominator is a node which belongs to every path from
the root to the terminal node 0 and specifies the cut point
for OR-bi-decomposition (a); 1-dominator is a node which
belongs to every path from the root to the terminal node 1
and specifies the cut point for AND-bi-decomposition (b)

follows: the dedicated set X, is empty in the weak bi-
decomposition.

A weak EXOR-bi-decomposition is possible for each
function but does not guarantee simpli cation. Each
switching function can be decomposedcompletely using

oneof v e hi-decomposition types: OR , AND-, EXOR-
, weak OR-, and weak AND-bi-decomposition?”:2%, A
disjoint bi-decomposition can be restricted to a few
variablesin a commonset®. Note that there are formal
conditions for the existence of OR-bi, AND-OR, and
EXOR-bi decompositions??2.

D. Numerical example on interconnect

The goal of experiments was to investigate the
feasibility of the proposedapproac to the 3D network
design. Experiments on MUX-based decomposition of
N -hypercube models have been conducted on MCNC
and ISCAS bendcmarks. For ead bendcmark, a
subnetwork with the largest number of gates has been
analyzed, and the interconnects between N -hypercubes
have been analyzed for the selectedoutputs. Note that
no preliminary minimization have not beenimplemented
for the bendmark circuits.

In Table 11, the 1st column shows the circuit name
TEST, the 2nd column provides the number of inputs I,
outputs O, and the selectedoutput S with the largest
number of gates I/0(S), the 3rd column contains the
number of gates G in the circuit and selectedsubcircuit
Gs, #G(G s). In the next columns, the results of
the experiment are given for the S-th subnetwork, and
the 4th column contains the number of levels in this
subnetwork, #L.

Each gate with more than three inputs or a small
logic subnetwork of up to three-input gates has been
interpreted as a logic block that requires partitioning
into sub-blocks. Each sub-block is represeried by an
N -hypercube. The N -hypercubes and the blocks have
been connected using multiplexers. The 5th column
of Table Il contains the number of terminal nodes
in the N -hypercubes, #T, the 6th column contains
the number of interconnects, #C, and the 7th column
cortains the number of multiplexers, #MUX, required
for interconnect implementation.  For example, the
second output is chosen for the circuit alu2. This
subnetwork consistsof 549 gatesin 25 levels. After the
replacemen of eat gate in the subnetwork by an N -
hypercube, the number of terminal nodesis equalto 1982,
and the number of interconnectionsis equalto 5609. To
connectall N -hypercubes, 183 multiplexers are needed.

It follows from this experiment, that rather large
circuits can be represerted using the proposedapproach.
We anticipate further investigation of the applications of
the decomposition technique for 3D logic circuit design
in the presenceof technological constraints, such as
constraints from molecular electronics.



TABLE II: Interconnect functions of spatial decomposition techniques

TYPE DEFINITION | IMPLEMENT ATION | 3D EXAMPLE
Decomposition with respect to a single variable
f1(Xo) = f(Xo;x;=0)
dShannon_? fa(Xo) = f(Xo;X; = 1) Xo
ecomyposition
w F(f1:faix;) = Xif1_ xife %

Interconnect: MUX

Positive pD and

negative Davio
nD

decomposition

fo(Xo) = f(Xo;x;=0)
fi1(Xo) = f(Xo;x;=1) Xo
fa(Xo) = fay=0 fa=1 %
pD @ f(fo;f2;%x3) = fo xif2
nD : f(f1;fe;x;) = f1 Xifo

Xo

Interconnect: AND and EXOR for pD

and NOT, AND, and EXOR for nD X

Decomposition with respect to a se
Disjoint
- . X
Ashenhurst F(X) = f(X1;Xo0) : fe )
decomposition®! = f(f1(X1);X0) Xo—
Interconnect: f.(f1;Xo) Undisjoint
- o
Xy
Disjoint
f1
Xid fy [ f(X
Curtis FX) = 1(X1:X0) x f
decomposition>2 = f(f1(X1);: fR(X1): Xo) ° Undisjoint
Interconnect: fo(f1;:::;f%; Xo) X fa
T fg | f(X
Xp——
General bi-decomposition
f(X) = f(xa;xb;xc)
= f (g(x (L;XC); h(xb;xc))
AND - Bi- Weak (OR,AND)-bi-decomp osition
OR - Bi- f(Xa;Xe) = F(a(XaiXe)h(Xe))
EXOR - Bi- AND-bi interconnect: AND

decomposition27:29

OR-bi interconnect: OR
EXOR-bi interconnect: EXOR
weak-AND-bi interconnect: AND
weak-OR-bi interconnect: OR
weak-EXOR-bi interconnect: EXOR




TABLE III: Fragment of experiments for some middle-size
circuits on an interconnect using MUX-based decomposition

2D network represen tation 3D network
TEST 1/0(S) #G(G g) #L |#T #C  #MUX
9sym 9/1(1) 305(305) 8 |2086 3872 101
alu2  10/6(2) 730(549) 25 |1982 5609 183
alud  14/8(4) 404(297) 28 |3470 10322 99
misex3 14/14(21) 9450(828) 9 |6302 12099 275

cordic  23/2(1) 110(70) 15 |260 532 22
vg2  25/8(2) 441(96) 7 |694 1263 31
c432  36/7(5) 160(126) 17 |2022 4319 43
€880 60/26(24)  383(130) 24 |612 1585 32
c1908 33/25(25)  880(522) 40 |2526 6315 182
c5315 178/123(122) 2307(937) 49 |3750 2813 317
6288 32/32(32)  2416(2327) 124 |9246 40050 723

VI.  INTER CONNECT OF AN N-HYPER CUBES
ASSEMBL Y

An interconnect function can be more complicated
than discussedabove. For example, in Fig. 9a, the
nodesof the tree implement Shannonexpansion,.S, with
respect to the variables z; and z, at the rst and second
levels, respectively. The resulting values of the function
are assignedo the terminal nodes. This tree is embedded
into an N-hypercube. A tree can be reduced to a
DD using reduction rules with respect to the splitting
variable. A mixed decomposition can be used in DD
techniques as well. For example, Shannon, S, positive
Davio, pD, and negative Davio, nD, expansionscan be
usedin the sameDD.

hi fi

FIG. 9: A spatial interconnect based on decomposition
techniques: a decomposition tree and corresponding
2D hypercube using a splitting variable and Shannon
decomposition (a), and a decomposition tree and
corresponding 2D hypercube using splitting sets of disjoint
variables and decomposition rules D1, D2, and D3 (b)

An approach to the reduction of the decomposition

tree based on a splitting function was introduced in®°.
A function is called prime if no decomposition of the
function into the disjoint-supported sub-functions exists.
Given the decomposition tree with nodesimplemenrting
decomposition rules, spatial decomposition basedon a
splitting function is de ned as the result of embedding
a decomposition tree into an arbitrary spatial topology.
For example,in Fig. 9b, a function f is decomposedby
the decomposition rules D;, D,, and D3 into the prime
functions fa, fo, fc and fq. A spatial decomposition is
represerned by the architecture using a master-switch N -
hypercube.

Given a decisiontree or a DD of a switching function,
its spatial implementation is de ned as the embedding
of a decisiontree or DD into a hypercube-like topology.
For example, given a DD that implements a switching
function f (Fig. 10), the result of a functional MUX-
baseddecomposition is two N -hypercubes.

(a) (b)

FIG. 10: A spatial interconnect based on functional MUX-
based decomposition on the DD and N -hypercube of the
function f = z3(x1T2 _ Tix2) _za(zi22 _ T1T2) (2); f =
grs_gxs and g = r1x2_ T1T2 DDs and N -hypercubes of the
functions

VI I. IMPLEMENT ATION TOOLS

Some models for describing 3D submicron structure
have been proposedin the past. At the sametime, a
lot of 3D graph-based topologies have been proposed
for massiwely parallel computing on the system level.
In nanodimensions, spatial topology must be considered
at the logic designlevel, sincethe ertire designprocess
is becoming horizontal rather than vertical in terms of
consequeh top-down steps®. The 3D aspectsof nanolCs



have not beengiven the appropriate attention as of yet,
except for the particular results®’.

CUDD®® and BuDDy®® are academic padkages
which implements splitting variable decomposition.
Also decomposition padkages BI-DECOMP and
DECOMPOS®%61 are known.

VIIl. SUMMAR Y

In 1983, Arnold Roserberg!? predicted three bene ts
if microelectronic circuits could be implemented in a
3D medium: "... one would expect wire routing to
becomeeasierand more systematic, runs of wire to be
shorter, and a saving in materials". Traditionally, the
third dimension is understood as the number of layers
that is constart in design (1,2, ..., but usually less
than 10). Howewer, the third dimension can be usedfor
represeration of logic functions®®:17,

This paper focuses on the concept of the earlier
proposed 3D logic network design. An arbitrary
combinational network can be represered in 3D
given a target topology. One of the technological
constraints in 3D network represeration is the type
of interconnect function that is used in the assenbly
of N-hypercubes. We showved that decomposition
techniques can be useful in choosing this function for
small logic blocks of a network. In our approad,
the problem of partitioning in 3D space is replaced
by the equivalent problem, that is, decomposition of a
network with respect to an interconnect function, and
mapping the decomposed subnetworks into 3D. The

choice of interconnect functions depends on the type
of decomposition. These functions can be implemented
in 3D using the multiplexer-based techniques. The
proposedsolution of the interconnect basedon switches
is feasible for large logic networks. Further researd is
required on the application of the proposedapproach to
the designof logic networks implemented using molecular
electronicsand single-electrontechnology.

The criteria of analysis chosen enabled the revision
of state-of-the-art decomposition techniques, taking
into consideration new paradigms of computing system
designbasedon various nanoscalechemical and physical
phenomen&. The latest approach concernsthe topology
of computational data structures. Therefore, it creates
a basis for approaching the problem of embedding
DD-based data structures into spatial nanostructures?.
Here, decomposition techniquesare vital for approacing
large-sizenetworks for logic function implementation.
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